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ABSTRACT

In this thesis, we study the molecular reorientation induced by a laser beam in a
thin sample of nematic liquid crystal. For laser intensities larger than the threshold
of the optical Freedericksz transition, molecular reorientation occurs and induces a
nonlinear variation of the refractive index of the medium, which in turn modifies
the light propagation through the liquid crystal. In the case of small dielectric
anisotropy, a one-dimensional model of the molecular reorientation can be solved
analytically and leads to a mode structure of the angle distribution characterizing the
reorientation. A dynamical analysis shows that only the lowest-order mode of the
reorientation is stable. When transverse elastic correlations are considered between the
molecules, a two-dimensional model is developed for the small reorientation regime.
It is shown for this case that inhomogenous transverse profiles of the reorientation
are possible, even under plane wave pumping. In the general case of arbitrary laser
intensity and dielectric anisotropy, a numerical solution of the full two-dimensional
problem for the case of a gaussian transverse profile of the laser intensity confirms
the mode structure of the molecular reorientation on the longitudinal dimension and
leads to a similar mode structure for its transverse dependence. The fundamental
mode is the only nonhomogenous solution for the angle distribution for a laser
intensity close to threshold. When the intensity is further increased, each higher
mode becomes successively possible. A numerical study of the dynamical system
shows that the fundamental mode is the only stable one. Critical slowing down is
exhibited close to threshold, characteristic of the second-order phase transition
occuring at the Freedericksz threshold. A different approach considers the thermal
fluctuations present in the medium and develop a stochastic description of the
molecular reorientation. Performing a numerical simulation of the noise shows that
transitions to higher modes of the reorientation can be induced by thermal noise.
Finally, we consider an application of our model by discussing the case of a Fabry-
Perot resonator containing a nematic liquid crystal. Bistable output of the resonator is
exhibited, due to the light-induced molecular reorientation in the nonlinear medium.
This optically bistable system is somehow different from more conventional sytems,
due to the form of the nonlinearity that leads to a quadratic dependence of the

transmitted intensity on the input intensity.
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I. INTRODUCTION

I.1 LIQUID CRYSTALS AND FREEDERICKSZ TRANSITION

Some organic compounds exhibit between their solid and isotropic liquid phases
a mesophase described at the end of last century by Lehmann [Lehmann 1890] as
"liquid crystal". This liquid crystalline phase corresponds to a state where matter is
fluid, but where the molecules are arranged with a certain order. The isotropy of a
liquid is broken, and the spatial regular order of a crystal is not present, so that the
state is "intermediate" between liquid and crystal. Several mesophases have been
observed, involving different types of order. In a smectic phase, the molecules
exhibit a one dimensional order, forming layers separated by a well defined mean
distance. In each layer, however, the medium has no spatial order: rather, it has the
characteristic of a true liquid. In the nematic mesophase, the liquid is composed of
rod-like or disk-like molecules, which are on the average aligned parallel to a certain

preferential direction, but with no positional order of their centers of gravity.
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Fig. 1.1 Molecular orientation in a nematic liquid crystal, the director n defines the

mean orientation of the medium.



This class of liquid crystals can be seen as a particular case of cholesteric liquid
crystals: in this third class, parallel layers of nematic compounds having different
orientations are stacked on each other, so that the mean orientation follows a
helicoidal structure perpendicularly to the layers, with a well defined helix pitch. A
cholesteric of infinite pitch is just a nematic.

The electric and magnetic anisotropy of liquid crystals and the tendency of the
molecules to follow the lines of force when placed in a magnetic field were
discussed as early as 1900 [Lehmann 1900]. Since then, numerous works have
provided a better understanding of this intermediate state of matter, and in
particular of its interaction with electric and magnetic fields, its thermic and elastic
properties.

In 1927, Freedericksz and Repiewa [Freedericksz and Repiewa 1927] observed
that a liquid crystal placed in a magnetic field experiences a collective reorientation
of its molecules if the magnetic field is higher than a threshold value. This effect is
known as the Freedericksz transition.

A nematic liquid crystal (NLC) placed in a cell is characterized by a
macroscopic orientation of its molecules, defined by the orientation at the surfaces of
the cell. Different factors determine the surface orientation, such for example the
chemical structures of the liquid crystal and the cell material, or the way the cell
surfaces are treated. To observe the Freedericksz transition, the orientation at the
surface has to be parallel or perpendicular to the cell walls, and this anchoring must
be strong, ideally independent of any force applied. The surface orientation is then
fixed, and due to elastic correlations, it determines the molecular orientation through
the whole sample, which is defined as the "easy direction" of the medium
(Fig. 1.2(a)). When a static magnetic field is applied normal to this easy axis, a
magnetic torque is induced that tends to align the molecules parallel to the field. If
the magnetic field is too low, the torque is not strong enough to overcome the elastic
forces maintaining the easy orientation through the whole sample. But for magnetic
fields larger than a threshold value H, the Freedericksz transition occurs and aligns
the molecules along H in the bulk of the crystal. At the surface, the strong
anchoring maintains the initial orientation along the easy direction and a transition
region leads continuously from one orientation to the other. For values of the field
just above H, this transition region is broad and the distortion from the easy axis is

weak, as illustrated in Fig. 1.2(b). For fields much higher than H_, the transition is
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very sharp and a total alignment with the field is achieved through the whole sample
except in thin transition regions near the surfaces (Fig. 1.2(c)). Note that the
Freedericksz transition can be induced by an electric field as well as by a magnetic
field.
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Fig 1.2 Molecular reorientation induced by a static magnetic field in a NLC. (a) H
is under threshold; (b) H, is just above threshold; (c) H, >> H,

The molecular orientation can be probed through the sample in different ways,
using the strong anisotropy and birefringence of the material. Because the orientation
defines the optical axis of the medium, optical methods are particularly well suited.
In a birefringent medium, two different polarizations can propagate without being
perturbed: the ordinary wave, which propagates with a fixed velocity, and the
extraordinary wave, whose velocity depends on the angle between the optical axis of
the medium and the direction of propagation of light. Using this property, the
molecular orientation in the liquid crystal can be probed by studying the change in
polarization of a light beam of well defined incident polarization as it travels through
the medium. For example, a NLC perpendicularly aligned along the z-axis is seen as
an isotropic structure by input light linearly polarized in the X-y plane and
pependicularly incident on the medium. When reorientation occurs in the x-z plane,
the x component of the polarization propagates with an orientation-dependent
velocity, while the y component of the polarization has constant velocity. The output

light is probed through an analyser oriented at /2 with respect to the input
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polarization. When the molecules are uniformally aligned on the z direction, no light
is transmitted through the analyser, but transmission occurs when the molecules are
reoriented, [Goodman 1974], and is a function of the reorientation. Conoscopic
methods [De Gennes 1975] to probe the orientation of a sample use converging
polarized light illuminating the medium, and study the distortion of the interference
pattern. When the medium is unperturbed with all the molecules aligned along the
preferential direction, a linearly polarized beam converging on the liquid crystal
forms at the output plane a symmetric interference pattern of concentric dark and
bright circles. When the molecular orientation is rotated, the circles become distorted
and the distortion is a function of the angle of reorientation. Another possible way
to measure the reorientation is to add some impurities in the NLC [Goodman 1974],
such as dichroic dye molecules, characterized by an absorption spectrum which is a
function of the orientation of the molecules with respect to the polarization of the
incident light. In a nematic host, the dye molecules follow the main orientation of
the medium, and their optical axis rotate with the nematic directors when the
Freedericksz transition occurs. Different absorption coefficients then characterize the
NLC containing dye impurities when the probe light is polarized parallel or
perpendicular to the main optical axis. When a polarized white light probes the
sample of NLC, the color of the outcoming light can be used to determine the

orientation in the sample. [Kahn 1972]

To treat collective phenomena occuring on a scale larger than the molecular
dimension, a continuum theory of NLC was developed [Zocher 1933; Oseen 1933;
Frank 1958]. Using a macroscopic theory, a general form of the elastic energy of the
liquid crystal can be written, and the orientation of the molecules submitted to
external forces can be determined as the one minimizing the free energy of the
medium.

In the Freedericksz transition induced by a static magnetic field, the field
induced reorientation modifies the propagation of probe light beams traveling
through the medium. The same process can be totally optical, an electromagnetic
field being then responsible for the same effects as the static field. In the optical
Freedericksz transition (OFT), the reorientation is directly induced by an optical
field incident on the NLC, and the same light responds to the change of the optical
properties induced in the medium by molecular reorientation. An important

difference must be considered between the Freedericksz transition induced by a
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static magnetic field, where the field is constant, and the OFT, for which on the
contrary a polarization field is induced in the sample, implying that the
electromagnetic field in the medium is function of the reorientation.

In the present thesis, we use the continuum theory to study the optical
Freedericksz transition, consisting of the molecular reorientation of a NLC due to
the effect of a perpendicularly incident optical field. This transition has been
intensively studied since the beginning of this decade, both theoretically and
experimentally. Our model consists of a sample of NLC in the homeotropic
alignment, i.e. characterized by an easy direction perpendicular to the cell walls. Its
longitudinal dimension is d and its transverse dimension is taken to be infinite. The
illumination is perpendicular to the cell walls, and is produced by a linearly
polarized laser beam. The main direction of orientation of the molecules, described
by a vector m, is homogenous and perpendicular to the surfaces in the state
unperturbed by the laser light. When the laser is switched on, electromagnetic forces
compete with elastic forces due to the strong anchoring at the surfaces, and the

molecules rotate to a position that minimizes the free energy of the sample.

This work is motivated by the fact that the OFT occuring in a nematic medium
is a good candidate to study light induced nonlinear processes. The giant optical
nonlinearity of the nematic phase allows to study nonlinear light induced effects
using CW laser beams of reasonable intensity. A theoretical model of the OFT can be
developed in a relatively simple frame, which under some approximations is
amenable to analytical treatment. From the experimental point of view, a number of
different nematic compounds have been studied, their characteristic parameters are
well known. Since they are liquid media, they are easy to handle experimentally, and
the theoretical predictions of our model can be confronted with experimental results.

As will be discussed in this thesis, transverse effects can be included in the
description of the OFT and lead to interesting solutions even when treated in simple
models. In many problems studied in nonlinear optics, transverse effects play an
important role, but often lead to barely manageable complications of theoretical
models. The study of the OFT is an example where transverse effects can be
considered in a relatively simple way. Finally, liquid crystals are commonly used in
practical devices; a broad choice of materials is available, but the richness of their
nonlinear optical effects is still not totally explored and can probably lead to

interesting novel applications.



1.2 PREVIOUS RESULTS

Various aspects of the OFT have already been studied, under different
geometries, both theoretically and experimentally. The theoretical models of the OFT
discussed in the literature are based on the continuous theory and describe the light
induced molecular reorientation as an effect of competing elastic and electromagnetic
forces. The elastic energy is expressed following Franck’s description of the elastic
distortions in the medium. In the first theoretical analysis of the OFT, Zel’dovich,
Tabyrian and Chilingaryan [Zel'dovich et al. 1981; Zel’dovich and Tabiryan 1982]
first determine the electric field in the medium by solving self-consistently
Maxwell’s equations in a medium characterized by a nonhomogenous anisotropic
dielectric tensor, and deduce then the electric energy due to the field. They do not
consider in their model the contribution of the magnetic part to the total free energy
of the liquid crystal. The Euler-Lagrange equation for the directors is obtained by
minimizing the free energy for fixed amplitudes of the electric field.

Durbin, Arakelian and Shen [Durbin et al. 1981a] discuss their first experimental
observations of the OFT using a theoretical model based on an infinite plane wave
approximation involving only a dependence of the reorientation on the longitudinal
dimension. Their theory assumes a very broad beam and discusses in a one
dimensional problem the reorientation as function of the intensity of the input laser,
expressed through a Poynting vector of constant magnitude.

Both approaches to describe the electromagnetic energy are discussed critically
by Ong [Ong 1983], who points out that the magnetic energy has to be considered,
since it contributes to the total free energy by the same amount as the electric term.
Furthermore, the amplitude of the electric field is not constant, but depends on the
local director. In his model, Ong assumes a plane wave input beam and suggests that
only the magnitude of the z component of the Poynting vector, S;, is constant since
the dielectric tensor varies with position. Expressions for the electric and magnetic
fields are then obtained solving Maxwell’s equations for a plane wave input beam,
and the electromagnetic energy is expressed as a function of S,, which is a constant
under the assumptions that diffraction and absorption are negligible. This model only
considers a longitudinal dependence of the reorientation and leads to an implicit

analytical form of the reorientation angle, given in the form of an integral equation.
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The reorientation angle is discussed in the limit of very broad beams, assuming
a solution of the form 6(z) = 6 sin(rz/d), where fm is the maximum angle of
reorientation and d is the length of the liquid crystal, by Zel'dovich et al. 1981, Ong
1983. This approximation is well suited for small intensities and leads to a threshold
intensity proportional to &,,/d2, where K., is the bend elastic constant.

For narrow beams, the transverse dependence of the reorientation angle has to
be considered, a one dimensional model is then not well suited. The results of a
three-dimensional linearized calculation lead to a transverse profile of the
reorientation expressed by a Bessel function of argument 7r/d, r being the transverse
coordinate [Csillag et al. 1982; Zel’dovich et al. 1981].

These basic models are helpful in discussing the results observed in several
experimental studies of light induced nonlinear effects in NLC. Optical diffraction is
observed [Durbin et al. 1982; Khoo 1982; Khoo 1983] when two incoming beams are
combined in a thin sample of NLC. Their interferences induce a spatially modulated
index of refraction, due to molecular reorientation, responsible for diffraction of the
incoming light.

When the Freedericksz transition is induced in a NLC, self phase modulation
due to light induced birefringence results in a ring pattern formed by the outcoming
light. As many as 100 rings have been observed, [Durbin et al. 1981b], suggesting
very large induced nonlinear phase shifts. The induced phase shift has been
measured in the first experimental observation of the OFT [Durbin et al. 1981a],
and values of the induced nonlinear phase shift as high as 40 x 27 have been
recorded.

When a nematic liquid crystal is placed in a Fabry-Perot cavity, multistable
output can be observed, due to the nonlinearity of the nematic sample and to the
feedback provided by the resonator. Numerical experiments confirm this behaviour

[Arakelian et al. 1983].

Beside the light-induced molecular reorientation, thermal effects in the medium
modify the refractive index and induce a nonlinear phase shift [Shen 1984; Khoo
and Hou 1985]. When absorption is present in the medium, the temperature of the
sample is increased by laser heating. The index of refraction, which is a function of
temperature, is then changed and a thermally induced phase shift is generated in the

medium. Laser heating and molecular reorientation are characterized by different
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time constants and can lead to competing effects, as was measured in the transient
behaviour of a NLC illuminated by a pulsed laser [Hsiung et al. 1984]. The time
constants of molecular reorientation and thermal effects were measured and shown to
be vastly different, the thermal effects being about 3 orders of magnitude faster than
the reorientational effects. When the liquid crystal is placed in a resonator, these two
counteracting effects can lead to self-oscillation of the output light intensity [Cheung
et al. 1983].

The time constant of light induced molecular reorientation is very large and is a
function of the intensity of the incoming light [Durbin et al. 1981a]. It can be of the
order of several hundreds of seconds close to threshold, and decreases with
increasing input intensities like (I - I)™, where Ity is the threshold intensity of the
OFT. This behaviour correspond to critical slowing down and is characteristic of a
second order phase transition.

The Freedericksz transition is usually of second-order, but for specific values of
the medium parameters (elastic constants, dielectric anisotropy), it can become first
order and exhibit hysteresis [Ong 1983]. This possiblity is discussed theoretically by
Ong and has been recently confirmed experimentally [Ong 1985; Karn et al. 1986].
This implies that a NLC illuminated by a laser beam can be an intrinsic bistable

system involving no external feedback mechanism.

1.3 OVERVIEW

In this work, a theoretical model of the OFT in a NLC is developed, following
Ong's approach to describe the electromagnetic energy. His model is extended to take
into account transverse dependence of the molecular reorientation, introducing
transverse correlations between the molecules due to the elastic forces acting in the
medium. This model is solved to study the longitudinal and transverse distributions
of the molecular reorientation. The continuous theory of a nematic is presented in
Chapter II : the free-energy & of the liquid crystal in an electromagnetic field is
calculated for a general case. Introducing a specific geometry, F is minimized under
the assumptions that the laser light is neither diffracted nor absorbed in the medium
and that the elastic properties of the liquid crystal are isotropic. The dissipative

effects due to the viscosity of the medium governing the dynamics of the molecular
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reorientation are introduced to derive the equation of motion for the directors.

This theory is used in Chapter III to study two particular cases. In a medium
characterized by a small dielectric anisotropy, the threshold intensity of the OFT is
calculated in a one-dimensional model, assuming a plane wave incident field, and
the longitudinal distribution of the reorientation angle #(z) is shown to be described
above threshold by an elliptic sine function. As for the trigonometric sine, the
elliptic sine sn is a periodic function which exhibits an infinite set of zeros.
Different modes of the molecular reorientation can then be defined, characterized by
an increasing number of nodes between two fixed zeros of the function. All these
modes of the sn can be steady-state solutions of &(z) for high enough intensities. The
stability of the modes is numerically solved and the fundamental mode is the only
stable one. A numerical integration of the dynamical equation is performed, showing
that all initial configurations evolve towards the first mode distribution within a time
scale inversely proportional to the excess threshold intensity. A second particular case
studies the OFT close to threshold, where the molecular reorientation is characterized
by small values of 4. A two-dimensional model is considered, using a third-order
approximation in # of the nonlinearity. The solution shows that transverse
inhomogeneities of the molecular reorientation are possible even under plane-wave
illumination. An analytical study of the dynamics of the transverse reorientation
leads to traveling-wave types of solutions. Based on this small # expansion, the last
Section discusses the effect of the finite spot-size of the laser beam, assuming that
the laser has a transverse intensity profile described by a quadratic function. The
threshold value of the intensity is discussed as a function of the beam diameter.

Chapter IV is devoted to a numerical study of the Freedericksz transition for the
case where two spatial dimensions are involved, in the general situation where the
full nonlinearity of the medium is considered. The problem is treated to all orders
both in the dielectric anisotropy and in the reorientation angle, The transverse profile
of the laser intensity is assumed to be gaussian. The numerical solution of the
steady-state equation describing the molecular reorientation exhibits a fundamental
solution characterized by a maximum reorientation in the center of the sample.
However, higher modes of the reorientation are still possible both along the
transverse and the longitudinal dimensions. Some of these higher modes are
calculated as steady-state solutions of the full numerical problem. The second Section
studies the dynamics of these modes; a numerical integration of the time-dependent

equations shows that the stable configuration of the molecular reorientation is
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described by the fundamental mode. Higher modes are however present in transient
regime, and can live for very long times if the intensity of the input laser is large
compared to their respective thresholds.

Chapter V considers a statistical description of the molecular reorientation. A
stochastic force describing the thermal fluctuations present in a real experiment is
introduced, which allows the decay of dynamically unstable solutions. The Langevin
equation is solved numerically. We find that due to the presence of thermal noise in
the system, higher order modes of the molecular reorientation can now be reached.
The equivalent Fokker-Planck equation corresponding to our Langevin description is
derived in Section 3, and is used to determine the probability to observe a
Freedericksz transition to different modes of the molecular reorientation.

Chapter VI studies the behaviour of a Fabry-Perot cavity containing a nematic
liquid crystal. In the first Section, we briefly review the general problem of a
resonator cavity filled with a nonlinear medium and show the possiblity of bistable
regime. This general theory is applied in Section 2 to the case where the nonlinear
medium is a NLC and the source of the nonlinearity is light induced molecular
reorientation. This system is somehow different from more conventional optically
bistable systems, since the nonlinear relation between input and output intensities of
the Fabry-Perot is of a quadratic form rather than cubic.

The last Chapter summarizes the main results of this work and concludes with

some suggestions for possible future directions in the study of the OFT.
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II. CONTINUOUS THEORY OF THE NEMATIC LIQUID CRYSTAL

IL.1 FREE ENERGY

The OFT involves a collective behaviour of the molecules: the molecular
reorientation induced by the field acts on a space scale much larger than the
molecular dimension. For the study of electromagnetic field induced effects, the
NLC is described as a continuous medium with specific elastic properties. Such a
phenomenological continuous theory of liquid crystals has been developed by Zocher,
Oseen and Frank [Zocher 1933; Oseen 1933; Franck 1958].

The medium is described by introducing small macroscopic domains, each of
which containing a large number of molecules. In each domain, a main direction of
orientation can be determined by averaging the molecular orientations. It is described
by a unique director vector n, pointing along this direction. The field of director
vectors at each point (a point corresponding to one small domain) defines then the
macroscopic orientation of the sample.

The NLC is an elastic medium which can be deformed, inducing a distortion of
the director field. In such a distortion, the free energy & of the medium is modified
by the elastic deformation. The explicit form of & involves the various moduli of
elasticity (Hooke’s law). Considering the useful symmetry properties of a nematic
medium :

- it is a uniaxial medium with cylindrical symmetry about the axis

defined by the director vectors,

- in a nonpolar nematic (the medium has no permanent dipole

moments), n and -n are not distinguishable,

- the medium has mirror symmetry,
the relevant elastic moduli are reduced to three, which are known as the Frank
elastic constants [De Gennes 1975]. Ky, is the elastic modulus characterizing a splay
distortion of the director field, for which V= % 0. K,, and k,, correspond
respectively to a twist (n'Vxn # 0) and bend (nxVxn # 0) deformation. The elastic
constants decrease with increasing temperature. Any possible distortion of the

director field of a NLC can be decomposed on these three contributions. The bulk
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elastic free energy density of deformation can be expressed as :
Fe| = —;: [£,,(VD)? + K,,(0Vxn)? + K45(nxVxn)2]. 2.1

On the surfaces of the sample, the directors tend to follow an easy direction,
depending upon the way the surfaces are treated. There are different ways to
prepare the liquid crystal sample so that a preferential orientation is fixed at the
walls. For example, a homeotropic alignment (directors aligned perpendicularly to the
surface) can be obtained by treating the surfaces of the cell containing the liquid
crystal with lecithin or other lipids; these compounds will be perpendicularly fixed at
the surface, imposing a homeotropic alignment of the nematic in the cell. It is also
possible to align the directors along one preferential direction by simply rubbing the
glass surface of the cell in this direction. It is assumed here that the wall-molecules
interaction is at least of the same order of magnitude as the molecular-molecular
interaction in the bulk, so that no reorientation of the directors at the surface 1is
induced by the molecular reorientation in the bulk. In this case, the surface energy
can be neglected, and the only effect of the surface is to impose fixed boundary
conditions.

When the NLC is submitted to an external field, a new contribution must be
added to the free energy. In the case of an electromagnetic field, it is given by the

electromagnetic energy density
Fem = 3 [ED + BH]. 2.2)

In practice, the medium can be treated as nonmagnetic (4 = 1), since the major
electromagnetic effect is due to the dielectric anisotropy, which is typically 108 times

larger than the magnetic anisotropy [Ong 1983]. The dielectric response of the

medium ¢ is a function of the angle a between the direction of propagation of light
and the optical axis determined by n. Light interacting with the medium produces an
electromagnetic torque, which tends to reorient the directors, acting against the
elastic torque which tends to uniformly align them along the easy direction

determined by the boundary conditions. This induces a change in a, and hence a

variation of ¢ which in turn modifies the light propagation in the liquid crystal. This




































































































































































































































