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INTRODUCTION

Ever since the invention of the laser' in the early 1960's, it has

been clear that it would have a significant impact in a number of

fields of applications. However, no one could have predicted the

extent to which it invaded not only the laboratories, but also our

everyday's life. A whole new branch of physics, loosely called quantum

optics, or quantum electronics, has developed around this device, with

its own conferences, journals, and jargon.

This is a fascinating field, because it brings physicists in unusually

close contact with domains of research and development as diverse as

medicine, chemistry, biology, telecommunications, etc..

After the first experimental demonstration of laser action in Ruby2,
dozens of different laser systems have been made to operate on thousands

of atomic and molecular lines. Thank in particular to the invention of

the dye laser3, practically the whole visible range is now covered. In

the long wavelength regime, we have systems available up to the middle

infrared, and at the other end of the spectrum, excimer lasers4 operate

down to practically the hydrogen Lyman -ce wavelength.

The major challenges of laser physicists remain on the one hand, to

close the wavelength gap between, say, 100 p and 1000 p, after which

electronic devices such as klystrons become available, and on the other

hand, to reach ever shorter wavelengths, down to the X-ray regime. Early

attempts to build an X-ray laser have been hindered by the exceedingly

short lifetimes of the levels involved in such transitions, which lead

to enormous difficulties in trying to achieve a population inversion6.
Subtle effects, such as "laser lethargy"6, also tend to limit the gain

of such systems, as compared to visible lasers.

In recent years, however, a completely novel laser system, the so-called

free-electron laser (EEL), has been discovered7. Its unique feature is

that it does not use atoms or molecules as an active medium, but rather,

"free" electrons. This presents a number of advantages over conventional

systems. Eirst, the wavelength of the emitted radiation is not determined

by atomic or molecular transitions, but rather by the Doppler effect. In
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principle, it is therefore tunable over an extremely wide energy range.

This makes EEL the most serious candidate both to close the JR gap and

to achieve laser action in the VUV a soft X-ray range. Second, the use

of free electrons eliminates a number of the problems associated with

pumping and loss mechanisms in usual lasers. By the use of clever re-

cycling schemes, it is now hoped to reach EEL efficiencies on the order

of or better than 30%, making them extremely attractive for a number

of applications such as laser chemistry and laser-induced fusion. A

final advantage is that they are by design insensitive to material

damage - as due for instance to self-focusing in Nd-Glass Lasers -

and therefore have the potential to operate at very high powers.

In Chapter 1, we review the recent research on EEL, with special emphasis

on our own work. In Section 1.1, we discuss the basic physics and sketch

the classical theory of the Free-Electron Laser. In Section 1.2, we then

analyze some of the problems associated with these lasers, and review the

advanced concepts - both theoretical and experimental - developed to

solve them8. In Section 1.3, we then turn to a discussion of X-ray lasers.

We give simple arguments showing why they are so difficult to realize,

and propose the use of EEL with optical wigglers to achieve laser action

in the 100 A region.

After this Chapter on Free-electron lasers, we then turn to the problem

of optical bistability, whose applications are even more obvious. In the

next few years, we are going to witness an explosion of optical data

processing. Optical fiber telephone links have already been successfully

tested in a number of countries9, and laser-read video discs and records

will hit the market some time soon. There is also a great deal of activity

towards the development of all -optical logics and optical computers. It

would clearly be out of the scope of this paper to discuss all these

applications in detail, and I will limit myself to one aspect of this

problem which may have a significant impact in the future, optical

bistability.

Optical bistability is an effect which can take place in a nonlinear

medium placed inside an optical resonator and irradiated by a coherent

light beam. Under appropriate conditions, the light transmitted by this

system exhibits a hysteresis cycle and is bistable for a range of in-

put intensities10. This effect is clearly of great potential interest for

A
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applications such as optical memories, optical transistors, etc. .

In Chapter 2, we review the present status of optical bistability,
again with emphasis on our own work. In Section 2.1, we present -a simple
phenomenological discussion of optical bistability and sketch the deri-
vation of a microscöpic model. In Section 2.2., we then discuss the tran-
sient behaviour of optically bistable systems, and in particular phase-

switching. In Section 2.3. we conclude by presenting in some detail just
one application of bistability, namely the nonlinear Sagnac effect."



1. FREE-ELECTRON-LASERS
bound electrons, but if one wants to avoid using an active medium, one
has to think of something different. We know of course of many examples

i.] Basic Principles - when electrons outside a medium interact with electromagnetic fields,
as for instance Bremstrahlung, Compton effect, etc . . . Bremstrahlung

As we know, all conventional laser systems rely on the inversion of 1S of particular relevance for the EEL, since it shows that if an

an atomic (or molecular) transition. Thus, the wavelength at which electron is decelerated, it emits radiation. In the case of Compton

they lase is completely determined by the active medium that happens scattering, one does not change the dispersion relation of the elect -

to be in the laser resänator. rons, but rather uses two photons (one absorbed and one emitted) in
order to satisfy energy-momentum conservation. There are many other

Eurthermore, in a typical laser, most of the energy deposited in the ways to achieve this goal (with Cerenkov radiation, one modifies the

system is irretrievably lost to heat and spontaneous emission, and dispersion relation of the photons; the use of a finite interaction

only a small percentage is actually transferred into laser light, length introduces an uncertainty in the momentum which can be used to

Clever people have developed clever ways to optimize the energy extrac- achieve the matching; etc. ..). Thus one has a relatively wide choice

tion of lasers, by tailoring gas mixtures, pumping mechanisms, etc... ’
of methods to develop a "laser without middle-man" (or free-electron

but in the best cases (like the CO2 laser) one still doesn't get laser, although this brief discussion should have made it clear that

efficiencies much higher than a few percent. this is a fairly misleading description of these systems.)

There would therefore be considerable advantage in eliminating the Of course, as in a conventional system it is not enough to have sponta-

'middle-man", and not having to rely on specific transitions. This neous emission to get lasing, it is also not sufficient here to have an

would present the further advantage of having a laser tunable over a electron-light interaction, One still has to obtain stimulated emission.
The topic of this Section is to discuss how one goes about building a EEL,large frequency range.
and what makes it emit stimulated radiation. We begin by briefly summa-

The obvious thing to do to achieve this goal, is to consider free rizing the experimental set-up of the Stanford EEL7, and sketch two diffe -

electrons. At first sight, one might think that this presents a rent approaches which may be used to describe it theoretically. This will

serious problem, since it is well known that free electrons can not give us a simple physical picture of the amplification process in a EEL.

interact with single photons. The energy of a free electron is We then discuss its behaviour in terms of electron bunching, recoil and
spread. This should shed light on the major problem associated with this

2 2 \ '/2.E ( W%CIl (1.1) kind of laser.

and that of a photon
In Section 1.2, we then discuss how one might go about solving this
problem, and briefly present two proposals which are presently under

E (1.2) intense study, namly the use of "electron echoes" and of "tapered
magnets".

so that Eqs. (1.1) and (1.2) prohibit the conservation of energy-

momentum in the interaction of a free-electron and a single photon. Although lasing action has now been verified on at least two quite

This is unfortunate, but not tragic. This merely tells us that we different types of EEL7''2, and several others are being constructed

have to tailor the electron dispersion relation so as to make the or are in the design phase'4, we shall concentrate our discussion on

interaction possible. In conventional lasers, this is done by using just one of them, the so-called

I
Stanford EEL. Historically, it was the
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first to lase, and its wavelength, in the near IR, completely justifies

calling it a Laser. The NRL system, on the other hand, emits radiation

in the submillimeter region, and would probably not be called a Laser

by purists.

The Stanford FEL is schematically described in Fig. 1. In this device,

a highly monochromatic relativistic electron beam is passed along a static,

HELICAL MAGNET
(3.2cm PERIOD)

ELECTRON ---

LASER MIRROR
BEAM

MIRROR
4--- 52m BEAM

adopted by several groups15-'8, and presents a number of advantages.
The major difficulty here is to resurn the contributions of all electrons
in the end to obtain the macroscopic current driving Maxwell's equations.
Alternatively, one can avoid this by giving from the beginning a global
description of the system, via a Boltzmann equation19'20. There are also
advantages in this approach, the main one being that the theory of the
FEL is then formally very close to that of conventional lasers21, the
Boltzmann distribution function being the formal analog of the density
matrix. However, one lacks then some of the intuition given by the single
particle description.

In this discussion, we shall try to combine the advantages of both theories.
Their starting point is the same, namely the classical Hamiltonian of a
relativistic electron interacting with an electromagnetic field22:

1 /2.H = c[( P- e )+ PvC . (1.3)

This Hamiltonian yields in general rather complicated equations of
motion for the electron, but in the case of the Stanford FEL, we can
make a number of simplifying assumptions.

Fig. 1 Experimental set-up of the Stanford FEL, showing the incident

relativistic e-beam, the wiggler, and the laser mirrors.

periodic magnetic field (wiggler). This B-field causes the electrons to

execute a helical motion and radiate. If the parameters of the system

are adjusted correctly and if two mirrors are placed at the ends of the

system, the output is enhanced via "stimulated" emission.

In order to understand why this happens at all, different theoretical

approaches may be considered. The crucial point is that the electron

number density in the system is rather low, so that electron-electron

interactions can be neglected.

This is in contrast with the NRL system, where the electron current is

so high that collective effects play a dominant role. The interaction

is then via a space-charge wave travelling on the beam'4. In the Stanford

FEL, however, we don't have to worry about this, and a single particle

description of the system is sufficient. Such an approach has been

Let us examine the vector potential A. It is made up of two contributions,
that of the static periodic magnetic field and that of the laser (or
scattered) field. If the transverse dimensions of the electron beam are
very small, it is reasonable to neglect the transverse variations of

.4
both the B-field and of the laser field. A has then the simple form
(circular polarization)

-’

A = {A,e + .
¯ ’

(1.4)

where the index q refers to the magnet and s to the laser. kq 27T/XqXq
is the period of the magnetic field, and and k5 are the frequency and
wave-number of the laser field. The relation between the laser frequency
and the magnet period may be derived via a Doppler shift argument. In the
frame moving with the electrons, the B-field looks almost exactly like a
pure EM field, and the electrons scatter light at the frequency of this
pseudo-EM field. (In the electron frame, the interaction may then be seen
as Thomson scattering.)
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When returning to the lab frame, the light propagating in the direction of

the electrons is then Doppler up-shifted, and it is easily seen that its

wavelength is approximately given by23

= ____

where y is the electron energy

and

:= 1/(1

in units of mc2:

v2/c2)
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The rate of change of the electron momentum is given by the spatial deriva-
tive of the square of the vector potential. This kind of potential is well
known in plasma physics, where it is called the ponderomotive potential.
In our case

(1.5)

(Az)= 2/\A (1.7)

where

K -t ¯ (1.8)

The approximate equality in Eq. (1.5) is due to the fact that the relevant

velocity for the determination of the Doppler shift is the z component of

the electron velocity, and not its total velocity, given by y. Under the

conditions of the Stanford experiment the error made by using y instead of

is about a factor of 1.5. However, this is only a numerical factor, and

our philosophy in this review is not to worry about numerical factors, but

only about the physics of the FEL.

Eq. (1.5) clearly shows what was hinted at in the introduction, namely

that the frequency of the EEL can be tuned continuously merely by chan-

ging the energy of the incident electrons. This. is in sharp contrast

with conventional lasers, where the frequency is completely determined

by the active medium.

We assume that the wiggler is not depleted by the interaction, i.e.

Aq = constant, and, for a laser model, that A5 is a function of time

only. The plane-wave approximation introduced in Eq. (1.4) implies that

the transverse coordinates are cyclic variables, so that the transverse

canonical momentum is constant. We can then solve the transverse part

of the problem trivially, and are left only with the longitudinal

equations of motion:

The ponderomotive potential is sinusoidal, moving along the direction of
the electrons at the velocity

"S = - (1.9)

Since k5 » kq v5 is almost equal to the velocity of light. The traditional
way to pursue the single particle analysis of the EEL is to write the equa-
tions of motion of the electrons in the frame moving at this velocity v5,
the so-called Bambini -Renieri frame'7. This is done very simply by intro-
ducing the new variable

< ( _v) + (1.10)

which is the phase of the electron relative to the ponderomotive potential,
so that

= 1< (Va ..V5) .

(1.11)

Noting that

S

F'. = -r¯ '
) (1.12)

this gives'5''7''8

= -2 ke2
- JAAsir«,(1.6) = ________

= ___ (p). M-

2

(1. 13)
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which is formally nothing other than a pendulum equation. Here, we have

introduced the shifted electron mass M

M + t'¯n ('1 1z)hIz (1.14)

and

E (1 - v,/c2)'/.
(1. 15)

The appearance of a mass shift is due to the same reasons that lead to the

approximate equality (1.5), namely that the relevant velocity for the inter-

action of the electrons with the ponderomotive potential is v, rather than

v. Noting that

2.
= '1 * (/PvC)2 + (eA/Mc.) (1.16)

and that p2 = ymv = ymc(1 - lIy), then

()inItiat: 1.000

() :o99

()

<>initiat = 1.000

0.676

Cc)

<initiat :1.000

= + eA2/ ?)"2 /( I + (1.17) / ..
./ (-0.231

For strong magnetic fields » A we obtain the mass shift (eq. 1.14).

The pendulum equation (1.13) gives a very simple picture of the physical

process underlying the EEL. It describes the motion of particles in a sinu-

soidal potential. This motion is like marbles rolling on a corrugated roof-

top. In the moving frame, the electrons are injected at random positions

into the sinusoidal potential with some relative velocity . Electrons with

a given initial velocity may be either accelerated or decelerated, depending

upon the phase with which they enter the potential.

Thus, one has to perform a careful sum over all initial electron phases to

determine the global result of the interaction. One finds then that the

electrons bunch spatially into the wells of the ponderomotive potential.

Since its period is exactly the laser wavelength (in the moving frame),

the light emitted by various electrons may add with exactly the correct

phase relationship to produce constructive interference. (In the absence

of bunching, the relative phase between the light pulses emitted by

various electrons is random and they add destructively.)

- 12 -

(o.)

<>initiat 1.000

Ca)

Fig. 2: Phase-space trajectories of a sample of 30 electrons with same
initial energy, but random phases. (a) t 0; (b) t 1.8;
(c) t = 3.6; (d) t 5.4. Time in dimensionless units, norma-
lized to the amplitude of the pendulum. <> is a measure of the
average kinetic energy of the electrons in the potential. The
solid line is the separatrix between the regions of phase-space
characterised by closed, respectively open, orbits.

This bunching is illustrated in Fig 2, where we show the phase-space evolu-
tion of a sample of electrons having initially all the same energy, but
random phases. As time evolves, the various electrons move in phase-space.
We observe three important characteristics of this evolution. First, the
average electron (kinetic) energy decreases, which implies, by conservation

. .
S.
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of energy, that their potential energy increases, or, in other words, that

they transfer energy to the electromagnetic field (This is of course not

rigorously true in this simplified description, where we do not describe

electrons and field self-consistently).

The second important point is that, although the average kinetic energy

is reduced, some electrons are accelerated, while others are decelerated,

depending upon their initial phase. Thus, there is a spread24 of the elec-

tron distribution. As will be discussed later on, this has important

practical consequences for the efficiency of the EEL. Finally, the third

important effect is, as already mentioned, the "bunching" of the electron

distribution'9, with a moving frame period corresponding to the EEL wave-

length. Note that this bunching could obviously not be achieved if all

electrons kept the same energy.

Thus, bunching and spread of the electron energy distribution are

closely interrelated. In order to achieve lasing, one must spoil the

quality of the electron energy distribution. No correct description

of the FEL can be obtained if any of the three phenomena of bunching,

recoil, and spread of the electron distribution, is neglected.

Let us now return to the problem of the summation over the contributions

of all electrons. Clearly, nothing prohibits us from doing this within

the single-particle picture25, but this is a cumbersome way to solve the

problem. The point is that, as in conventional laser theory21, we also have

to solve Maxwell's wave equation self-consistently with the matter electron

equations. In the single electron approach, one has to proceed in the follow-

ing way: first, solve the single electron equations for some short time

interval, then sum over all electrons to get the macroscopic current driving

Maxwell's equations, solve the wave equation, update the ponderomotive poten-

tial, solve again the single electron equations for the next tim interval,

etc... Obviously a very complicated procedure, at least analytically. One

can of course decide to forget about self-consistency, and use energy con-

servation arguments to determine the field. This is similar to the rate

equation approach to conventional lasers, which, among other things,

neglects all coherent effects.

- 14 -

cription of the electrons. Since it is sufficient to describe them classi-
cally, this is done via a Boltzmann equation. At low electron density, one
needs only consider its collisionless form.

Making exactly the same approximations as in the single particle descrip-
tion, it is easy to show'9 that the selfconsistent EEL theory reduces
then to the simultaneous solution of the one-dimensional collisionless
Boltzmann equation

.4

-

-
e2

___ = 0, (1.18)

together with Maxwell's wave equation
L

_i(i..t) (eot A ..±« -. (1.19)=

LbIW-,

In eq. (19), we have made the standard approximations of laser theory:
slowly varying amplitude approximation, etc.26. The one-dimensional
distribution function has the normalisation

(’ ’F) N / (1.20)

where N is the number of electrons in the gain region and L is the length
of the gain region. F is the so-called "filling factor", and is the ratio
of the area of the electron beam over the area of the laser mode. a is the
ratio of the length L of the magnet over the round-trip optical path.

Since we know that the gain in the EEL is due to the spatial bunching of
the electron distribution with the periodicity of the ponderomotive poten-
tial, it is useful to rewrite the coupled Maxwell -Boltzmann equations in
a way which makes the physics explicit. The way to proceed is to use the
so-called "harmonic expansion" of the Boltzmann distribution:

(b1 --k)h (’) = + Z ()e 4cc.), (1.21)

Where the coefficients g vary slowly compared to K, and are time-inde-
pendent in our laser model. In Eq. (1.21), we have also replaced p by
the "detuning parameter"

The alternative approach is to give from the very beginning a global des-



'F

which is a measure of the velocity of the electrons relative to the

ponderomotive potential.

JL . ( 7-
- .- ) (1.22) 1.1.1 Small signal theory:

Clearly, the give the modulation (bunching) of the electron distribution

in harmonics of the ponderomotive potential. The fact that bunching is the

cause of gain is clearly evidenced when one re-expresses Maxwell's equation

in terms of eq. (1.21):

-
______- ________
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f (1.23)

which shows that it is that part of the Boltzmann distribution with the

periodicity of the ponderomotive potential which is the source of the EM

field.

We have found numerically20 that the higher order terms in the expansion

of eq. (1.21) have relatively little effect on the predictions of our
theory, provided that the EEL is not too strongly saturated27. Thus, at

least for our qualitative discussion, it is sufficient to truncate the

sum after the first term. Introducing new variables

WI = (544 1')/'Ti

w2. =

W=

= k.e

where w1 and w2 are then essentially just the real and imaginary parts of

g1, the Boltzmann equation reduces to the three equations

- P2 4

=
(1.24)

w3
- A AJ ?.'

These three equations have obvious analogies with, and equally obvious dif-

ferences form, the optical Bloch equations of laser physics28, and for that

reason have been called the "quasi -Bloch equations"(QBE).

I
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The small signal gain of the EEL may be obtained by just about any derivation.
For instance, one can solve the coupled Maxwell -Boltzmann equations to first
order in perturbation theory'9, or use the quasi -Bloch equations. Alternatively,
one can use the single particle approach'5-18, or even solve the problem quantum-

mechanically, using the Dirac equation29'30. All of these approaches give the

same small signal gain. This is not too surprising (although it was not clear

in the early days that the EEL was a classical device), since the small signal
regime is defined as the regime where the presence of gain does not effect the

dynamics of the material. However, one has to be very careful here. In contrast

with the situation in conventional lasers, the small -signal regime of the FEL
is not characterized by an unchanged electron distribution. Only the recoil
remains negligeable. We shall discuss this very important feature of the FEL
in detail later on.

There are two regimes of interest, as far as the small -signal theory is

concerned. They are the so-called "small cavity" and "large cavity" limits,
2919 i.e. ’ the limits where the initial electron energy distribution is

much narrower or much broader, respectively, than the linewidth resulting
from the finite length of the wiggler. (They are analogous to the homo-

geneous and inhomogeneous broadening limits, respectively, of conventional
lasers26.) In the large cavity limit, the gain is typically very small, so
that we shall concentrate on the other limit, which is also the regime
in which the Stanford system is operated.

In this case, the small signal gain is found to be

I
.-

as
- = t1tZr23 fleo(

0
(_ A. (-_ ) (1.25)

Hc I £

where r = pLI2, ne is the electron density, and r0 is the classical electron

radius. S5 is the optical flux density, and Sq the equivalent flux density
of the wiggler.

The gain is shown in Fig. 3. It has the antisymmetric form characteristic
of stimulated scattering. Using the quasi -Bloch equations, it is easy to

show that the energy transfered to the laser field comes from the electron

recoil31. To within corrections of order X/L, one finds that
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1.1.2 Strong-signal regime:
rirtin

Fig. 3 Gain Profile of the EEL

¯0

d(optical energy)/dt = (elec. current)*(recoi1 energy/elec.), (1.26)

this result being valid for all field strengths. Once this identity bet-

ween recoil and gain is established, it is easy to compute the recoil in

the small -signal regime. In terms of the detuning parameter p, we find

L0 sf1eMs' (1.27)

or, in (real) physical units

L0vSs/11ec. (1.28)

is the round-trip optical path, and the maximum small -signal gain.

The efficiency of the EEL is the ratio of the energy transfered to the

field to the initial electron energy:

__

SE (1.29)

In eq. (1.29), we have made use of the excellent approximation Mc2y5 mc2y.

Before commenting further on the FEL efficiency, we now turn to a discussion

of the saturation of the EEL.

L

We would like to determine the mechanisms leading to the saturatiön of the

EEL. Intuitively, one can immediately mention three possible causes. First,
one may argue that at some point, the electron recoil will become so large

as to push them outside of the gain line. Alternatively, one may argue
that the electron spread will become so large that the system will run
into the large cavity limit (that is, there will be just about as many
electrons on the gain side as on the absorption side of the gain curve).

Finally, if one considers single electrons, one may argue in the follow-

ing way: The electron dynamics is governed by a pendulum equation. Its

solutions are periodic functions (Jacobi elliptic functions). Thus, if
the interaction lasts long enough, the electrons which first transfer
energy to the field should then gain it back, and the other way round.
Thus, if the interaction lasts more than, say, about one-half period
of the oscillations, we should reach saturation.

As it turns out, all of these explanations give just about the same
saturation power for the EEL. There is actually a good reason for this,
namely that the basic time-scale for the EEL is the period of the solutions
of the pendulum equation. Both recoil and spread evolve on this time scale,
and the onset of saturation must then be given only by the ratio between
the interaction time L/v L/c and the period of the pendulum.

The spread of the electron distribution can be determined easily via
the quasi -Bloch equations24. The crucial result is that even in the

the absence of gain, the electron energy distribution experiences a
significant broadening

= 'fIflctA0 (1.30)
tAo

or, in the physical units

AE =
2Mc Q IcAfl (L) (1.31)

Here, is the center of the initial electron distribution. An example

of initial and final electron distributions, in the absence of gain, is

illustrated in Fig. 4. Louisell et al.'8 have studied the electron dis -

Gain Absorption
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W3( p)

___ = _ - s)¯
rQc01L

___

’..J ( S
LE / (1.33)

P0

p)

V

’Jo
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As already mentioned, the same value of the saturation power is obtained
if one imposes that the recoil be equal to the gain width. This indicates
that the saturation is characterized by recoil and spread being about the

same. The situation is however quite different in the small -signal regime,
where one finds that24

That is, for small fields, the spread dominates the recoil. The main
effect of the interaction between the electrons and the ponderomotive
potential is thus to spread the electron distribution. This large effect
is more or less independent of the initial velocity and of the recoil
condition. The recoil may be interpreted as a small difference between
the number of electrons that are accelerated and decelerated, and is a

Fig. 4 Approximate form of the electron energy distribution, before

and after passing through the wiggler. These curves were ob-

tained via a very crude approximation in the equations of

motion, but show qualitatively the main effect, i.e. the

"spl itti ng" of the distribution.

tribution in detail by using the pendulum approach. Their results agree

with those of the quasi -Bloch equations in the small -signal regime, but

show some discrepancies at strong saturation. This is attributed to the

truncation of the harmonic expansion at m = 1. (Numerical results by

C. Parazzoli27 have confirmed that in the strong signal regime, it is

necessary to keep higher order harmonics of the electron distribution.

Preliminary results indicate that convergence is reached for m 3-5.)

For our qualitative discussion, however, it is sufficient to consider the

approximate result eq. (1.30). We can determine the saturation power by

evaluating the optical flux necessary to produce a spread as wide as the

gain width, which, in units of ji, is approximately 2it/L (see Fig. 3). We

obtain

. ac -s.
L ]A)2 2

second order effect.

This result leads to severe difficulties when one tries to operate the
FEL with a high efficiency. It is probably a fair statement to say that
most of the theoretical activity on FEL is now centered around the question
of how to get around the "spread problem".

1.1.3 Efficiency:

We have already indicated that the efficiency of the EEL is determined
by the ratio of recoil to initial electron energy. The best possible
efficiency is of course reached at saturation, where the recoil is pre-
cisely given by the gain width. Under these conditions, one finds

£
___-

2L
(1.34)

In practice the period Xq of the wiggler is on the order of a few centi-

meters, and its length a few meters. Thus the maximum efficiency of the

(1 32)
FEL is typically on the order of 1%. This would not be too bad for a con-

.

Ventjonal laser, but for the FEL, our expectations are much higher, as

discussed earlier. In principle, one should be able to get efficiencies
of 20% or higher.
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The first idea (due to J. Madey) to overcome this problem was to recycle

the electrons from shot to shot. Why not keep the system going by simply

giving the electrons a small kick after each passage to compensate for

the energy lost to recoil? This proposal would have been very attractive,

were it not for the spread of the electron distribution. In fact, what

happens is that each time they go through the wiggler, the electrons

accumulate more spread, and before long, one winds up being in the large

cavity limit, i.e., the gain practically vanishes. Detailed studies of the

dynamics of a storage-ring FEL, based on this recycling principle, have

been conducted, in particular by a group at Frascati32. Without going

into details, one can summarize their results in one sentence:one can do

essentially no better with a recycling configuration than by operating

the EEL single pass in the saturation regime. (Recently, Deacon33 has

calculated that this would not be the case when using an isochronous

storage ring. But whether such a ring can be constructed in practice is

not clear.)

Other suggestions have been made, either to eliminate the spread problem,

or to extract a considerable fraction of the electron energy in a single

pass. In the following Section, we discuss "electron echoes", and the

possibility of using tapered wigglers, where the period of the magnet is

tailored so as to trap the electrons in the ponderomotive potential.

1.2. Advanced Concepts

1.2.1 Electron Echoes

As we have seen, the spread of the electon distribution upon emerging

form the lasing region is one of the major problems associated with the

development of a practical EEL. "Electron echoes" is an idea that we have

advanced to reduce this problem. This concept34 is based on the formal

analogy between the quasi -Bloch equations (1.24) describing the EEL and

the usual optical Bloch equations. (Note however also the obvious,

and crucial, differences between them. In particular, the EEL has deriva-

tives with respect to the detuning parameter p. This is due to the

differences between stimulated emission (gain proportional to inversion)

and stimulated scattering (gain proportional to slope of distribution).

T
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Thus, in the optical problem the magnitude of the Bloch vector is con-
served for all detunings between atom and field, while in the EEL, only

f(w + w + w) dp is conserved.)

However, the strong analogy between the QBE and the optical Bloch
equations still suggests the existence of the equivalent of a it-pulse
in a EEL system. Let us examine the possibility of placing a second
"time reversing" magnet (TRM) in the system, as illustrated in Fig. 5.
We let L1 be the length of the EEL magnet, iL be the length of a drift
region between the two magnets, and L2 be the length of the TRM. In
order to proceed, we first recall that the terms -pw2 and pw1 in the
quasi -Bloch equations are required in order to obtain gain, but in the
small -signal region, the gain is a small effect compared to the spreading.
In Ref. 24, the spreading was described by solving an approximate set of
equations in which these terms were replaced by -p0w2 and p0w1.

1111111 \ X.
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/ FEL

/
I

I ei
/
/
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______

/

¶1111111 /
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Fig. 5 Free-electron laser in a storage-ring configuration in which
the electron velocity spread is counteracted by means of a
time-reversing magnet (TRM).

In fact, the main effects of the spreading may be found by neglecting
these two terms altogether35. To zeroth order this approximation is
adequate to describe how a "it-pulse" can give rise to a regrouping of
the electrons in velocity space. We will see later that because of the
gain process itself, this regrouping cannot be absolute. Ignoring this
difficulty for now, we then proceed by first neglecting the effects of
gain, i.e. the effects of the dephasing terms -

1.1w2 and pw1 in eqs. (1)
and (2) in both the EEL and the TRM. Furthermore, we assume that A1A
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does not vary appreciably over the magnet length. Then w2 remains un-

changed, whereas w1 and w3 evolve according to the wave equation

-

The solutions of this

tions of i +(AqAZ u

w3 remains unchanged,

absence of Aq and A5]

equation are

rid ii _AqAZ.
but w1 and w2
as a rotation

(1.35)

linear combinations of arbitrary func-

On the other hand, in the drift region

evolve [according to eqs. (1.24) in the

about the w3 axis.

The distributions w. after the TRM (at z = L1 + L + L2) in Fig. 5 may be

obtained by matrix operations, in close analogy to the conventional photon

echo28 as follows:
-

WI / 0 LiLdi a Si 0 \
Wz = t 0 I C) cøs4 o

I £'$ E2 0 c6shg2 0 0 I /

ocL O diß1 / w (ô,)

V 0 I 0 v
’' / (1.36)

C)

where 0 = 1LM ’ 'I z: '&qP L1, a: *'L.

Here, Aq and As((kq andk5) are the values of the fields in the EEL (TRM).

Operators such as cosh (0Ip) are interpreted as meaning

= (1.37)

for any function G(p). Form eq. (1.36), one may immediately compute

+ tL + L2,p). For the initial conditions

; ’(o,.A) = t(c.)= C,

where f(p - p0) is sharply peaked at p = PD, we obtain

(1.38)

4w (L44L4L)
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+{-s(&t)L 4} (&-& 4&

4 AL +4 f( - - A)
(1.39)

We assume that the initial spread is small compared to it/AL. In order to

recover the initial distribution, we must then have

01 = 02,

and either

or

2i1t

(2~i)1C

tL =

'1AL 2ir.

(1.40)

(1.41)

From this result, the analogy between the EEL case and conventional
optical it-pulse is quite transparent. In the EEL case a reversible

spreading occurs inside the first magnet. The drift region length must

be tuned according to conditions (1.41) in order to reverse the evolu-
tion of the system. The relation (1.40) is the EEL equivalent to the

optical condition saying that an echo will occur after a time 2T, if
the evolution is reversed by a it-pulse at T.

Note that 01 = 02 does not imply that we need the same electromagnetic
field and static B-field in the EEL and TRM. It is only the product

APL1 = (1.42)

Which must be conserved. Thus, there is a considerable degree of freedom
in the choice of the characteristics of the regrouping device. In parti-
cular, sincec. need not be equal to A, we could in principle consider
an experimental set-up where the output of the FEL would be split and
only a small fraction of the light would be used to drive the TRM.
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What happens now if we include the effects of gain in our derivation?

Madey has shown that in a EEL, the gain and spread are related by

.& ()2 = 2.. (1.43)

This is the so-called Madey theorem. Since (ip)2 is definite-positive,

it shows that if the spread is zero, then the gain also vanishes! This

is a very general theorem, which also applies in the 'variable wiggler"

case that we shall discuss later on. It teaches us that no gain can

be obtained in the free-electron laser without spread. To eliminate the

spread, we have to operate the system in such a way that there is also

no gain!

Thus, one sees that the echo concept cannot apply perfectly in the pre-

sence of gain. A complete rephasing of the electron distribution is not

possible. This, however, is not surprising, since the extraction of op-

tical energy from the system represents an energy loss, or dissipation,

as viewed by the electrons. The fluctuation-dissipation theorem indicates

that such an interaction is irreversible; that is, we would not expect

arguments based on time reversal to apply. One can draw an analogy bet-

ween the process of gain in the EEL and the atomic lifetime T1 in the usual

optical problem. In both systems, the presenceof an irreversible process

prohibits a complete rephasing of the medium.

The question is then to determine to which extent the electron energy

spread can be reduced by an echo technique in an operating EEL.

Moore and Scully have developed a formalism which allows one to answer

this question36. It uses the so-called multiple-scaling theory37, and

allows among other things to deal with arbitrary magnet geometries.

Recently38, we have applied it to the problem of spread reduction in

the EEL. In the multiple-scaling approach, the coordinate z is replaced

by the generalized position

(+ (1.44)

in which the mass-shift effects are automatically included.
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Using this new variable, we may re-express the wiggler amplitude as

(') = 5[Aç) .A1()]e (1.45)

where p0 is the detuning of the center of the incident beam. If A2
is an odd function of x - L'/2 the gain/spread ratio can then be re -

expressed as L'
SkX A2(x)

(tk)Z
=

(LcL A4()Jo
(1.46)

where L' = J dz'. Thus, one sees that the gain and gain/spread ratio may
be independently controlled by an appropriate choice of A1 and A2. How-

ever, A1 and A2 are functions of both the wiggler amplitude and p0, so

that a magnet design which optimizes the gain/spread ratio for a given

velocity group will not in general be adequate for other detunings. In

fact, it can be shown that the product

(gain/spread). (optimized bandwidth)

is roughly a constant, so that a "super" optimization will apply only to

a very small range of detunings. However, we have another degree of

freedom to work with, namely the transverse dimension. This gives an
extra possibility of improving the output of the EEL. To get a sense
of how this might help, let us consider Eq. (1.45) and replace Aq(X)
by Aq(xr) where r is the transverse dimension of the magnet (i.e.
we now consider transverse variations of the wiggler). Also let us

define 4(x,r) to be the phase of Aq(xr). Equation (1.45) now becomes

.i. 4-'(x,c))
= JjCX,r)k (1.47)

It is easily seen that by injecting electrons with various initial energies
at various transverse positions (see Fig. 6), so that p0(r) is a function
of r, we can design a wiggler such that all electrons interact with an
optimum gain-to-spread ratio; that is, we choose .p such that

-i(r)X qic7c,r) = _LIk«)(, (1.48)
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where 1opt is the 11velocity" at which the gain-to-spread ratio is optimized.

One way of carrying out the optimization physically is to use a magnet of

constant period, but with a transverse gradient in the field strength. By

adjusting the transverse dependence of the mass shift (r), one can largely

eliminate the spread in the z component of the electron velocities.

This is related to the gain-expansion technique proposed by Madey et al.39
An alternative approach is to introduce an actual transverse dependence in

the magnet period, as indicated in Fig.6. However, it remains to be seen

whether such a scheme can be developed into a practical device.

_!iiiii...

Fig. 6 Schematic diagram of how a transversely varying wiggler period

could be used to compensate for initial velocity spread.

1.2.2. Buckets

An other very promising proposal to improve the efficiency of EEL is the

use of "buckets"40. Here, contrary to the electron echo scheme, one does

not try to recycle the electrons, but rather, to extract as much energy

as possible on a single pass through the wiggler. Since our own research

has not concentrated on this particular scheme, we limit our discussion

to a brief presentation of the general ideas. (We note from the start that

this concept has recently been successfully tested at Los Alamos, in a

series of beautiful experiments whose results have unfortunately not been

published yet 13).

We have seen in the Section 1.1 that there is a region of phase-space
where the electron trajectories describe closed orbits. In fact, due to the
periodicity of the phase-space, there are an infinite number of these regions,
but one needs consider only one of them. These regions are usually called
"buckets" by accelerator people, and the expression has also been adopted in
the EEL community.

The idea is to trap the electrons into these buckets, which are then slowed
down adiabatically. That is, they are moved downwards in the phase-space
plot of Fig. 2. There is of course a major constraint in trying to achieve
this goal, namely that one wants the electrons to emit at the same wave-
length during at all times. From Eqs. (1.5) and (1.17) this implies that
the wiggler has to be modified (tapered) to compensate for the change
in There are a considerable number of ways to taper the wiggler in
order to decelerate the buckets, while keeping ' constant41. Therefore,
the standard approach is to fix some constraint on the system (for instance
wiggler period = constant, B-field = constant, (B-field)(period) = con-
stant, etc ...). The relative merit of these choices has been discussed in
particular by N. Kroll 42¯

To illustrate the way this bucket idea works, we present some results obtained
by Louisell, Cantrell and Wegener43. The constraint that they have chosen
is that B.X be a constant along z. In the results presented here, the
authors did not up-date the field, that is, they have considered electron
densities low enough so that the laser field is not changed significantly
over one pass. In Fig. 7, we show three characteristic phase-space trajec-
tories. Here, y rather than d/dt has been depicted on the vertical axis.
Fig. 7a showns an electron which has not been trapped in the bucket.
There is very little change in its energy. In Fig. 7b, we show a particle
which is trapped for a long time, but eventually escapes from the bucket.
Finally, Fig. 7c shows a particle which remains trapped.

Louisell et al. have studied a number of such trajectories for various
initial phases, and have found that under appropriate conditions, about
47 % of the electrons would be trapped in the buckets, 10 % of them

eventually leaking out. Similar results have been obtained by other groups
for various tapering conditions.
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1.3. Application to Short-Wavelength Lasers
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Fig. 7 Representative Electron Trajectories in a Tapered Wiggler Geometry.

(a) Untrapped electron, (b) electron leaking out of the bucket

after being first trapped, (c) electron which remains trapped

during the whole interaction time. In this example, it is de-

celerated from y = 200 to y 170. (From W.H. Louisell, C.D.

Cantrell, and W.A. Wegener43)

The EEL presently under construction at Los Alamos, operating at 10.6 p,

calls for the use of tapered wigglers and buckets, and at a later stage,

for an out of phase reinjection of the electrons iii the RE accelerator.

This 'racetrack" configuration should, according to theory, give an

efficiency of the system on the order of 30-40 %. The experimental results

recently obtained indicate that there is no reason why this goal could

not be achieved!

The potential applications of X-ray lasers (XRL) are too numerous to be

presented here in detail. Among the most obvious ones, let us quote

material sciences (material interaction studies, structure of matter),
analysis of molecular and biological systems, medical studies, and plasma
diagnostics.

During the last ten years
(military) have lead to a

XRL. However, the lack of

funding of these projects

we know, most projects ar
if at all.

or so, these potential applications and others
substantial effort towards the realisation of an
rapid and convincing results has brought the

to a (hopefully temporary) halt and, as far as
now pursued at a substantially reduced pace,

A number of basic difficulties have to be overcome in order to design
and build an XRL. Some are system-specific, while others are present in
almost all schemes and are based on very general principles. Here, we
limit ourselves to a brief discussion of this last group of problems.
They are

- short spontaneous life-time of X-ray transitions
- unfavorable scaling of the gain as A3
- unfavorable scaling of the pumping requirements as
- competition between emission of radiation and Auger effect
- lack of good mirrors.

Before going into specifics, a general remark on the definition of an
XRL is necessary. When research on this subject was first started, there
was a general mood of optimism, and it was considered that an XRL should
have a wavelength smaller than, say, 50 100 to merit its name. However,
this definition has now been somewhat relaxed. It is generally accepted
that anything below about 500 would satisfy the X-ray laser definition.
This is the so-called "soft X-ray" regime. Most of the schemes being seriously

investigated presently fall within this region, and the general feeling is
that Hard X-ray lasers are still a long way in the future.
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1.3.1. Why is it so hard ?

a) The basic problem

For allowed transitions, the spontaneous life-time scales roughly as

(X = wavelength of the transition), that is, the population inversion

must be maintained against a depopulation rate which goes as X-2. If the

laser transition is to the ground state, or if the ground state is repopu-

lated fast by some competing mechanism, such as the Auger effect (self-ter-

minating transition), the pump-pulse rise-time requirements become very

high indeed. To avoid this problem, it has been suggested to use nietastable

states as upper laser states. Unfortunately, for such high energy transi-

tions, it is very difficult to find a metastable upper state that terminates

in a lower state which does not also accumulate population at a higher rate

by dipole allowed transitions. Also, the gain is smaller for metastable states

(goes as ta-' where is the spontaneous lifetime of the transition), and

the pump density requirements are increased. (See under c for a discussion

of this point.) There are, however, some proposals for storing energy in a

metastable level, and then, quenching them to a dipole-allowed state. The

problem here is of course to achieve a very selective excitation of this

metastable state.

b) Scaling of the gain

Within unimportant numerical factors, the laser gain is given by ”

ix7-
(1.49)

where A is the wavelength, and t5-' the spontaneous life-time of the tran-

sition; LN = N2 - N4 is the population inversion, and iiv the linewidth of

the transition. We already mentioned that for allowed transitions, ta-'
scales as A-2, and it would appear that the gain is therefore independant

of A. This is overlooking two things, namely that xV scales as A-' (for

a Doppler-broadened line) and that the inversion density must be main-

tained against a depopulation rate at least as large as ta-'. Thus, the

net scaling law of the gain is roughly as X.
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Some schemes have been suggested in which the Doppler broadening could

be reduced to a minimum, thus giving a more favorable dependance on A.

In this case, another difficulty arises: in absence of Doppler broade-

ning, the inverse bandwidth of the amplifier goes as the spontaneous

lifetime. In any laser or amplifier, the gain is determined directly by

the polarization of the medium, and only indirectly by the population

inversion. The gain is given by the usual considerations (Eq.1.49) only

for times long compared to the rise-time of the polarization, which is

given by the inverse bandwidth). In the small Doppler broadening limit,
the growth rate ofpulses turns out to be less than would be expected

on the basis of conventional formulas. The reason for this is quite simple,
namely that, as the gain builds up, it encounters and follows the decay

of the population inversion. If the rise and fall time are comparable,

the result is a time-dependant gain whose maximum is always smaller than

that of Eq. 1.49, obtained by rate equations. This is called "laser
lethargy"6. The effects of laser lethargy can range from factors of 3

to several orders of magnitude. If one ignores extreme cases, then the

gain is typically reduced by about a factor of 10 over the value given
by the conventional formula.

c) Pump requirements

For an amplifying medium of length L, the required pump power per unit area
i s

P/a t'2L Q(r'1.t') (1.50)

where we have used the gain formula (1.49),
the laser frequency, F the rate of competin:
for a given gain product cL, the pump power
(tv/v is roughly constant). An advance from

translates then roughly to a factor of io12
given aL!

and taken N N2. Here, v is

processes (Auger effect). Thus,

per unit area scales as A-'1.
1i to 10 in laser wavelength

in pump power density for a

d)

In schemes where inversion is achieved by creation of inner-shell vacancies,
Auger effect is the dominent competing process.
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An Auger electron is an atomic electron receiving enough kinetic energy to

be ejected, say from the L shell, when another electron falls from the

same shell to fill a vacancy in the K-shell. This radiationless process

competes very effectively with the emission of X-ray radiation, and occurs

on a time-scale of typically lO sec or faster.

between Auger effect and the emission of radiation

"fluorescence yield" w, where w is the fraction of

with emission of radiation. The fluorescence yield

extensively both theoretically and experimentally.

o(

[he branching ratio

is given by the

atoms which reorganize

has been studied

It is found that

(1.51)

where A labels the atomic shell and Z is the atomic number: For the K-shell,

wK .5 for Z 40, and is less then 10 % for Z < 20. Since the Auger

recombination time is very fast (typically io13 - sec), the inversion

is destroyed accordingly fast, giving rise to very strong requirements on

the pumping pulse rise-time.

The need to avoid if possible laser transitions where Auger effect is

present has been recognized by most authors. There are several ways

around it, as for instance the use He-like or hydrogen-like ions.

e) Mirrors

There are essentially no mirrors available in the soft X-ray regime

(multiple layers using Bragg reflection may become available in the near

future). In the hard X-ray regime (X 10 )’ it has been suggested to

use Bragg reflection in crystals. However, one should, at least at the

present, assume that no good mirrors are available. This implies that a

soft X-ray laser will have to work on a single pass (Amplified Spontaneous

Emission). Typically, then, one needs either a long enough amplifier or a

high gain in order to obtain reasonable amplification (oW > 25 is a good

rule of thumb). But then, one encounters another problem due to the fast

decay of the inversion: if the system is pumped in the upper state at

t = o, a photon emitted at one end of the amplifier will reach the other

end at t = L/c, where the inversion has already disappeared if t >

(i.e., the system is now an absorber!). To avoid this effect, "swept-

gain excitation" schemes have been proposed46. Here, the atoms are pumped
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I

I

by exciting particles (ions, for instance) swept along the amplifier at

the velocity of light. The atoms are then inverted exactly when the

stimulated photons from the beginning of the amplifier reach their location.

This scheme works well in theory, but in practice, faces two difficulties.

The first one is laser lethargy6, which has already been discussed, and

the second is space charge problems which arise when one tries to focus

and sweep ion beams of the density necessary to pump an XRL.

The problems that we have briefly discussed in this Section are by far not

the only ones that one faces when trying to design an XRL. One typically

encounters much more difficulties which are more or less specific of a given

scheme. They have to be analyzed in details on an individual basis. However,

the points that we have discussed should give a general idea of why it is

so hard to come up with a realistic XRL scheme.

1.3.2 Free-Electron Lasers as X-Ray Lasers ?

We have already seen that because of their unique characteristics, EEL

are not subject to the same scaling laws as conventional lasers. In this

Section, we speculate about the shortest wavelengths which might be

available in EEL, using present-day or near-future technology. First,
let us turn our attention to possible wiggler improvements.

For this discussion, it is useful to reexpress the gain expression (1.25)

as follows47.

From Eq. (1.25), one easily finds the maximum small signal gain to be

- 1(0)
.

'

I. _l F1

(41KL)t
’(1.52)

tl

where

= ______

2Tc
(1.53)

is the so-called "wiggler parameter".

Here, B is the wiggler magnetic field, N L/Xq is the number of periods
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in the wiggler, and I the peak current of the electron beam. For later

purposes, we consider further a minimum optical -mode volume for gaussian

beams:

=
(1.54)

and make use of the condition for resonance (1.5) to achieve a simple

scaling law for the gain of an FEL:
2. 2.-i-

2.ti ’io3(A'J N .i. (1.55)
0 1*11(2

The shortest period of either superconducting helical windings or permanent

magnets of the SmCo-type is limited to centimeters by technical considerations,

To obtain appreciable gain, Eq. (1.55) indicates that one needs high values

of the wiggler parameter 1K. For feasible magnetic field strengths of say

B0= 2T, this parametr turns out to be about 1K = 4. To achieve short wave-

lengths EEL, one also has to work with highly relativistic electrons (y»l).

For example, for = 25 nm and a wiggler-period Xq 2 cm, one needs

Y 2.6.1O, i.e. 1.3 GeV electrons. Since the highest electron energies

reached nowadays range up to 17 GeV, this represents no fundamental

difficulty. However, as shown in Eq. (1.55), the maximum achievable gain

per pass decreases with increasing y. The number of wiggler-periods N

is restricted by the necessity to control the electron-beam over the

whole wiggler length and N 500 seems to be an upper limit. Assuming
further a peak current of I = 5A, the highest small -signal single pass
gain is then approximately 1. That is, the intensity of the laser

doubles after each passage through the wiggler. This has to be compared

with the losses suffered by the laser beam at each reflection at the

resonator mirrors. The highest reflectivity at 25 nm can be estimated to

be about 30%. Since at least two reflections occur between subsequent

amplification, the intenstiy decreases by R2 and no net amplification p
results

This discussion clearly shows that with conventional magnetic wigglers

there is no hope of extending FEL-radiation far beyond usual laser wave-

lengths. One therefore has to consider alternate types of 'wiggler". In

particular, there is no theoretical objection to the use of an intense

laser pulse to produce a spatially periodic structure. The advantage of

such a concept lies first in the fact that, due to the short wiggler
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period (an optical wavelength!) very high FEL-radiation frequencies

can be achieved with relatively low electron energy. Second, for the

same reason, the number of wiggler periods may be increased substan-

tially as compared to that achievable with conventional magnetic

wigglers. Consider for example a Nd-YAG fusion laser, of wavelength
1 pm and a peak-power of about 1012W. If this laser pulse is

focussed down to a beam diameter of 0.1 mm, then the magnetic field
strength in the focal region reaches B0 = 103T. This yields a value

of the 11wigg1er-constant" (K = 0.1. Using electromagnetic waves instead
of static magnetic fields for the wiggler changes Equ. (1.5) for the

FEL-wavelength by a factor of one half48:

____ ( ). (1.56)

With a Nd-YAG travelling-wave wiggler an electron energy of y = 3.2,
i.e. 1.6 MeV, would be enough to reach X = 25 nm. This energy can
easily be achieved with a Van de Graaff electrostatic accelerator. This
type of accelerators is of special interest for FELs, because of the
extreme sharpness of the electron energy, E/E 1O that they produce.
This allows to use up to N 10 wiggler periods while still operating
in the cold-beam limit necessary for gain. Considering a reasonable
peak current of I = 1A, Eq. (1.55) gives a small -signal single pass gain
of approximately g0 = 6.7v104. Thus, once a photon at the correct energy
has been emitted, it is amplified very strongly in a single pass, so that
no resonator is required: this laser would operate in the amplified spon-
taneous emission regime. Such a high gain also implies that the laser

saturates very soon, leading to a maximum energy extraction.

In order to further assess the feasibility of such a scheme, the con-
ventional, classical theory of the EEL might have to be substituted by
a quantum-mechanical description, since the recoil of the electrons
during each emission-process is no more completely negligeable. We
are presently in the process of pursuing such a study. Although it is
still to early to say for sure if the EEL is a viable X-ray laser can-
didate, the numbers discussed here lead to moderate optimism. Note also
that a substantial advantage of EEL, as compared to conventional systems,
is that they are "clean" and simple. Here, one does not have to worry
about competing effects. Everything is under control, and therefore, an
"exact" treatment of their properties as XRL should and will be possible.
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2. OPTICAL BISTABILITY

Under appropriate conditions, the light intensity transmitted by an inter-

ferometer filled with a nonlinear medium and irradiated by a resonant or

near-resonant driving field exhibits one or many hysteresis cycles, and

bi- or multistability. This effect was suggested about ten years ago '.

The first detailed theoretical analysis, due to McCall 50, its experi-

mental evidence by Gibbs et al. and the theoretical developments of

Bonifacio and Lugiato 52, have lead to an "explosion" of this field,

both theoretically and experimentally .

As it turns out, a large number of optical systems present these charac-

teristics. For instance, it has been shown that when shining light on

the interface between a linear and a nonlinear medium, one can move in

and out of the domain of total internal reflection in a bistable way .

Devices based on this effect have the potential of very fast response

time, in the psec. regime, and may lead to a number of useful applications.

Electrooptical devices driven by a voltage proportional to the output light

intensity can also exhibit bistability55. Since they are not "all -optical",

but contain an electrical component, they are called "hybrid" devices.

Active systems (lasers) can also lead to optical bistability. In particular,

in homogeneously broadened two-mode ring lasers, one of the traveling waves

tends to suppress the other66. Fluctuations can cause the system to switch

spontaneously to the other mode of operation.

In this Chapter, we limit our discussion to the case of optical bistability

in passive, nonlinear resonators. In Section 2.1, we explain optical

bistability in a completely phenomenological way, for the case of a Fabry-

Perot cavity filled with a Kerr medium. Following Ref. 52, we then sketch

a microscopic model in which the nonlinear medium consists of two-level

atoms. This model can be drastically simplified in the so-called "mean-

field" limit, whose domain of validity is briefly discussed.
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For most applications, it is crucial to understand in detail the tran-

sient behaviour of bistable systems, and most of our work on this subject

has been in this direction. This is reviewed in Section 2.2. Finally,
Section 2.3 is concerned with the discussion of a particular application

of optical bistability, the nonlinear enhancement of the Sagnac effect.

2.1. Steady-State Optical Bistability

2. 1.1. Phenomenol ogy

Optical bistability is almost trivial to understand if one remembers how
an optical resonator (for instance a Fabry-Perot interferometer) works.
The details of such systems can be rather complex, but for our purposes,
a simplified discussion will be sufficiant. Basically, all we have to
know is the way they transmit an incident field E1. For an empty resonator,
this is given by57

E,. =
TE

I - R.
U (2.1)

where T is the transmitted field and R and T the reflection and trans-
mission of the mirrors. For simplicity, we take the two mirrors to

L

E1

ER

(R1T)

EF

EB

0

E1

(R,T)

ftg Fabry-Perot resonator, with the incident (E1), reflected (ER),
transmitted (E1.), forward (E,) and backward (EB) fields.
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be identical, and assume R + T = 1, i.e., we neglect mirror losses. We

also consider the case where the fields can be approximated by plane waves.

o(1) is a phase due to the detuning between the incident laser frequency

and the frequency Vc of the cavity eigenmode closest to v:

- ( _V)L/c ’ (2.2)

and L is the optical length of the resonator.

If the cavity is exactly at resonance with the laser, o(1) = 0, and we

obtain the well-known result
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ET E1. -

(2.3) Fig. 9 Nonlinear Ring Resonator

In this case, the transmitted field is exactly equal to the incident field.

' This result is fascinating, because if we had only one mirror, most of the
with

A_,4L _ E ). (2.5)
light would be reflected, and almost nothing transmitted. However, by placing

a second mirror at exactly the right distance beyond the first one, we build Such a real nonlinear susceptibility corresponds to a nonlinear index of
a configuration such that at steady-state, the light traveling backward from refraction n given by
it produces destructive interferences with the light reflected at the first

mirror. By conservation of energy, all the light must therefore be trans-
- IE (2.6)

mitted. However, the important point for our djscussion is that in that E0
case, an enormous amount of light, ET/IT, is stored inside the resonator. The wave number of the field in the Kerr medium is therefore
(For i this is about 10 times as much light inside as outside!)

This stored light can then be used as a feedback mechanism. This is basi- ( -

1' (2.7)
cally all one needs to know about resonators to understand optical 4".

bistability. where we have assumed that _____ 1.

Let us now see what happens when we fill our resonator with a nonlinear

medium. (We consider a ring resonator, although the same results would

be obtained in the linear (Fabry-Perot) case.)

For simplicity, we take it to be a Kerr medium, of susceptibility

= - (2.4)

Inside the Kerr medium, the field thus exhibits a phase-shift

()
) (2.8)

ø C

where L in the length if the nonlinear medium. The transmitted field is
given by

TE1
= ___________________ (2.9)

(_ (I)
'1 -R�t

rf r +
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which is exactly the same as Eq. (2.1), except that we now must consider

the total phase-shift 6 o(1) + 6 given by the combined effects of

the cavity mistuning and the nonlinear medium.

The resonator becomes now transparent for o(1) + = 0, i.e.,

(!I).%?) ! + _______ - 0.
C. 10c

(2.10)

Thus, even if the laser frequency is not exactly matched to a cavity mode,

the presence of a nonlinear medium can, for a given intensity, adjust the

effective optical path length, such that the resonator becomes transparent.

A very useful characteristic of the resonator is its transmission

a' (2.11)

where is the transmitted and the incident light intensity. In our

case, we find readily

= T7/(I+ -2RcGc -1') i.�i1.rtc'J,
£0cT (2.12)

ill

I

I / / / A

I I /I / 11 4
I 11/ it IiIj I IL fl/ I

I I i i

I/'B/fl /1
Ii /1 \/ I
Iiji V

'1

Fig. 10: Resonator transmission as a function of
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where we have used the relation IE1t2 = TIEJ2. This transcendental equation
can be solved graphically quite easily as a function of I. In Fig. 10,
the solid curve is simply a plot of tI1), as given by Eq.(2.12). This is
a periodic function, oscillating between 1 for 6 = 2nm and T2/(I~R)2 for

6 = (2n+1)n. The dashed curve represents as given by the definition
(2.11), for various values of the driving intensity 'T¯ These are simply
straight lines of slope 111k.

For a given I -i-, the possible physical solutions are given by the inter-
sections of the corresponding dashed curve and the solid curve. We observe
that, depending on o(1), I and 1, the system may have more than one
solution. This is seen even better in instead of plotting ' as a function
of 'T' we now draw the solutions as a function of the incident inten-
sity, as shown in Fig. 11.

0.8

z
0

O.6
U)

(I)

z0.4

I- S

OL
0 1 2 3 4

INCIDENT INTENSITY

fjgj Resonator transmission as a function of I.

Note that the various maxima of the transmission curve correspond to

Successive cavity modes, separated in frequency by v = 2irc/L, being
brough into resonance with the incident laser frequency by the non -

1flear medium.



- 43 -

Let us now discuss, first 'mathematically", what happens when we

increase the incident intensity from I = 0. Initially, the resonator

has the transmission

T/ ('1 + - 2.2 coc [C - )Lf)

which is in general small for v ~ v0. As I is increased, the transmission

first decreases (for the case shown in Fig. 10), until one reaches a value

of I where the system has no choice but to jump discontinuously to a point

at the right of the first maximum of 1. As I is further increased, the

transmission decreases again, and eventually exhibits a second discontinuous

jump to the right of the second maximum, etc.

If one now decreases I from a high value corresponding to, say, the

point S in Fig. 11, one observes that the transmission increases

until one reaches a j5oint slightly to the left of the second maximum

%= 1. The system then discontinuously jumps down. As I is further de-

creased, the transmission goes up again until a point just past the

first maximum, where the next discontinuous jump takes place, etc...

Instead of plotting the transmission as a function of the incident

intensity I, one can also draw the transmitted intensity. This is

shown in Fig. 12.

I-
U)

O.6

0
’i-i 0.4

(I)
z0.2

I-

Fig. 12 Transmitted intensity

as a function of the incident

intensity I.
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In this picture, the discontinuous jumps are as shown by the arrows.

Note that the jumps down to lower transmitted intensities are always for

11 II, since at these points, ' 1.

Our discussion up to now has been phenomenological. We have assumed that

the system always remains on the same "branch" as long as possible, and

then jumps to the closest one. Although this may seem reasonable, there

is no real reason why this should be the case. In order to handle this

problem properly, one needs to perform a stability analysis, which will

tell whether, and in which domain, a branch is stable. If a branch is

found to become unstable at some point, a detailed dynamical analysis is

then required to determine to which state the system evolves. In general,

it is found that there are three possiblities. Either the system evolves

towards an other stable state, or to a limit cycle, or to a chaotic be-

haviour. We will talk more about these stability problems in the next

Section. Here, we only wanted to show that, because the nonlinear medium

can drive the resonator into resonance with the driving field, the trans-

mitted intensity can become a discontinuous function of the incident

intensity, and exhibit hysteresis cycles. Physically, we can understand

this result as follows. At low input power, the effect of the nonlinear

Kerr medium is negligeable, and the transmitted field is low. As E1 is

increased, the power inside the resonator starts to build-up. However,

the transmission remains low until the point A is reached. The system

must then jump to the high transmission point B (see Fig. 10). This is

because the light in the Kerr medium changes the effective length of

the resonator and brings it closer to resonance with the frequency v
of the incident laser, therefore increasing the transmission, and the

light inside the resonator, in a runaway fashion. When the point B is

reached, a further increase of the intensity tunes the resonator away
from resonance, and decreases the transmission, while a decrease in

intensity increases -. This is a negative feedback effect, which

stabilizes the output power.

If we now decrease the input power, the system stays on the stable branch

until the resonance condition = 1 is reached. Just past this point, it

becomes again unstable, and reaches in a runaway fashion a low transmission
point to the left of the resonance curve. This is because the light in the

resonator is no longer sufficiant to keep it near resonance.

0
0 1 2 3
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We see, then, that the resonator plays the role of a feedback mechanism.

The light stored in the cavity, which is always substantially more that

the transmitted power, is a function of the history of the system (that

is, of the way in which one reached some value of This stored

light in turn controls the response of the cavity to further changes

in driving power, and leads to the appearance of hysteresis cycles.
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This is nothing but the first two branches of Fig. 12.

2.1.2. A Microscopic Model

a) The Model

Up to this point, we have discussed optical multistability. Optical bista-

bility is just the limit of multistability for the case when the power

available is not sufficient to bring subsequent modes of the cavity into

resonance with the frequency of the driving field. In this case, the total

phase 6 is small, and the exponential in Eq. (2.9) can be expanded to

first order. We then obtain approximatively

TE1E,. (2.13)
T_R( &CI4

or, with Eqn. (2.10),

L1. +r(!\l\1
/ ] I,. (2.14)

where cT/L. This is a cubic relationship between the incident power

I and the transmitted power 'T When inverted (in order to get 'T as a

function of I) we obtain the bistability curve shown in Fig. 13.

0.

0.

0.

4 I I

3

2

0408 12 1 2i

Fig. 13 Transmitted intensity vs. incident intensity in the bistable

limit of multistability.

Up to now, our analysis has been limited to the behaviour of the electro-

magnetic fields inside the resonator. We have not said much about the non-
linear medium. All we required of it was to be nonlinear, (a Kerr medium,
for the sake of simplicity).

We now briefly discuss a microscopic model of absorptive optical bistability,
following closely the work of Bonifacio and Lugiato62. We consider a system

consisting of a coherent monochromatic field E1 of frequency w0 injected in
a Fabry-Perot cavity of length L, and filled with a nonlinear medium. The
resonator is tuned exactly to resonance, that is, its length is adjusted
such that L is equal to an integral number of wavelengths of the field
(no cavity mistuning). The cavity has mirrors of reflectivity R and

transmission T, with R + T 1, and the nonlinear medium consists of N
(N»1) two-level atoms of transition frequency also equal to w0 (homo-
geneously broadened medium exactly at resonance with the driving field),
and filling the volume V of the resonator. The coherent atomic decay is
characterised by the transverse and longitudinal relaxation rates

= T2' and y =

Following an (unfortunate) tradition in bistability, we label by z = L
the input mirror of the Fabry-Perot, and by z = 0 the output mirror.

Labeling by EF and EB the forward and backward propagating field envelopes
in the resonator, respectively, we introduce the usual slowly varying en-
velope approximation for the total complex field

'('ó
= EF(,) �

_i (IA - k.)
+ E �. (2. 16)
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L

E1

ER

(R,T)

EF

EB

0

(R,T)

Fig. 14 Fabry-Perot resonator, with incident (E1), reflected (ER),
transmitted (ET), forward (EF), and backward (EB) fields.

where k0 = w0/c, and

I^rI ) I.

1tgJ < I '.sE8 « (ß E (2.17)

As is well-known, the coherent interaction between the field and the.

atoms results in the formation of a macroscopic polarisation ’ and changes

the population difference D (N1-N2)/2, where N1(N2) is the total popula-

tion of the lower (upper) atomic level. The polarisation in turn radiates

a reaction field whose superposition with the driving field gives the total

internal field E. In our model where atoms, field, and resonator are all

taken to be at resonance, the central frequencies of and coincide with

the frequency w0 of the driving field.

Consequently, we make the Ansatz

P() =
+)

e

b..4)
Pg (^’t) e

r C..C.
(2.18)

This form of polarisation is however not completely correct. The point is

that the counterpropagating waves EF and EB generate a standing-wave"

4:

in the resonator. The effect of this "standing-wave" has been studied in

great detail in laser theory. It leads to the formation of population

and polarisation gratings. (We will discuss more about this in Section

2.3.) What happens then is that not only components of the polarisation

at frequency w0, but also at 3 wo, 5 w0, etc... are generated. Similarly,

the population difference D also has components oscillating spatially at

2k0, 4 k, etc... This leads to the major technical difficulty that one

then has to handle an infinite hierarchy of partial differential equations.

Although this can be done exactly at steady-state, for the transient

problems which interest us, a truncation at some level has to be intro-

duced. We chose to keep only the lowest order contribution in the

"standing-wave" effects, and for this purpose, use for the population

difference the Ansatz

= D0 + .[ 4 .cj . (2.19)

A detailed discussion of the validity of this truncation at steady-state

has been performed by Carmichael58, who showed that it typically leads

to errors of 10 % to 20 % in the final answers.

The slowly varying field envelopes are then governed by the following
field-matter equations

C -
- ._1Pf

& -

-

'

(El i. ) - L :’ (2.20)

- (E +- ETh,) -

- - + EEE- (c6 -P/z),

- - J± (F +r)_
2t

where g' = (4nw/V)p' ’ and i' is the modulus of the atomic dipole moment.
In the purely resonant case discussed here, all fields can taken without
lOSS of generality to be real. Clearly, the field D1 (population grating)
Couples coherently the forward and backward waves. The boundary conditions
are (see Fig. 14)
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= F E,(o,),
mode approximation". However, since this term, introduced by Bonifacio

= %Ji E.F(o,), and Lugiato, has become quite standard in optical bistability, we shall
(2.21) keep using it here.

- '.S g (t..) 'i

('-l'-) - E (L,-) = 'F E(F). Before discussing the validity of this approximation, let us see how the

equations of motion (2.20) simplify when it is performed. Using the boundary
Initially, one also has conditions (2.21), the equations for EF and EB become

= C, : (ç
O (:’c:) = Nh.

- - (2.26)
(2.22) ç)+ E _'(

i: (’) = O. e

Although eqns. (2.20) describe in principle optical bistability in a Introducing furthermore the Ansatz
resonant Fabry-Perot cavity, their solution in the general case is not - -

Eç E '-.¯

trivial. We now introduce an approximation which leads to a simplified
.

form amenable to a closed, analytical solution. F E P ’ (2.27)

and noting that then ET 'E and ER E1 - E1, we obtain
b) The "Mean-Field" Approximation

'P ( E- T/FF)_= - ’ (2.28)
For any field F(z,t) in Eqs. (2.20), consider the spatial average

L where = CT/L(l i-'S) CT/2.L (2.29)-

i:: ( L J :F(:?:,?). (2.23)
is the linewjdth of the Fabry-Perot. Similarly, the material equations be -

When performing such spatial averages, we are lead to integrals of the come

form L
= ('/) ( -

P (f-) = _LJc?- (i,(,4),
L (2.24)

'

(2.30)
where A could be, for instance, an electric field and B a polarization. -

"The mean-field approximation" consists then in factorizing (2.24) as
-

. - (.t/) ET' -

L

A.! = ...Lj h- s( i) (2.25) IntrOducing the rescaled quantities

S
We note that the term "mean-field approximation" is somewhat misleading,

since it has nothing to do with the standard mean-field approximation of c ' (2.31)
statistical mechanics. Here, we simply assume that the fields are nearly

constant along the resonator, and a better expression would be "single-
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and the inversion = D + D1, leads to our final working equations

= (A/)EA -

= - -’(t_ts./2)., (2.32)

- .-. (t.. /)’

where dot stands for d/dt.

c) Dimensionless Units

In most of the work discussed later on, numerical solutions will be involved.

For this purpose, it is useful to introduce the dimensionless variables

E.. ck. aA/P
\/T, &L (2.33)

; S =

The mean-field equations of motion (2.32) become then

( -Iac)(xc -s),

= - (2/a)tXS. (.i)], (2.34)

) _[zcs ~(X -j)]

where we consider for simplicity the case y« = = y, and C is the

so-called "bistability coefficient":

LN
-

2L
= - - (2.35)

Here x is the usual absorption coefficient of the medium.

d) Steady-State

At steady-state, we obtain readily

which is a cubic equation relating the dimensionless input field y to the
output field x. Inverting Eq. (2.36), we obtain x as a function of y. It

is easy to show that this is a multivalued function for C > 4. In Fig. 15,
we show y as a function of x for various values of C, and the appearance

x

C <4
C =4

C>4

01
0

Fig. 15 Bistability curve x(y) in an absorptive system, for C 4.

of optical bistability. A detailed discussion of these curves is given
in Ref. 52, where it is shown that the negative slope part of the curves
is always unstable. Before proceeding any further, we make a brief comment
on the steady-state properties, in order to emphasize the fundamental
difference between absorptive and dispersive bistablility. This can be
seen best by looking at the transmission '= IJ/I where 1I1T is the
incident (transmitted) intensity.

In Fig. 16 we show the Fabry-Perot transmission for both the absorptive
case (with and without cavity mistuning), and the dispersive case.

For absorptive systems, the transmission grows monotonically in the upper
branch, while it goes through a sharp maximum in the dispersive case. The
reason is that in the first case, the mechanism leading to bistability is
the bleaching of the atomic medium, while in the second case, the index
Of refraction is changed by the presence of the field. Under these con-
ditions, the system becomes transparent when the nonlinear index com-
pensates exactly for the cavity mistuning, which (if one considers only

One cavity mode) occurs for one value of the driving field only.

y -I. (2.36)

I .i-



z
0
U)
U)

U)

zC

I-

C

z
0
U)
(I)

U)
z

A!]

UU 4UU OUU
IY 12

1000 2000
IYI2

Fig. 16 Interferometer transmission as function of incident intensity

(in dimensionless units) for (a) dispersive system; (b) absorptive

system with cavity ruistuning; (c) same as (b) but without cavity

mistuning.

e) Validity of the "l4ean-Field" Approximation

To conclude this Section, we briefly comment on the validity of the

mean-field approximation, at steady-state59. Instead of performing the

spatial averaging (2.25), we now solve directly the equations of motion

(2.20), which, at steady-state, become

c12 L(i4'Si)

______

2 Z)
(2.37)

C
-

L(I4'Ii) [l(4)4 rj

Here, we have introduced the dimensionless forward and backward propagating

electric fields f and b

1E' - (.&' Eg (2.38)

gL

)
-

-cJ

.0

.5
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In these notations, the boundary conditions become

= 6(ö) ) t^.J3

(%11/T) [4(L).. 'Y (L)j. (2.39)

We note immediately that the Bonifacio-Lugiato bistability equation (2.36)
depends only on the bistability parameter C. Our equations, however,
depend also on the mirror reflectivity. This already indicates that in
some regime there must be deviations between the mean-field results and
the exact results.

We have solved the equations (2.37) numerically for various values of
C and R. In Fig. 17 we present the transmitted field x as a function of
the incident field y for C = 20 and various mirror reflectivities. For
high enough reflectivities the curve is in good agreement with the curve
obtained through the BL mean-field theory. However, as T increases, the
deviations become important and eventually the bistable behaviour dis-
appears altogether. This result is in total agreement with the findings
of Bonifacio and Lugiato for the case of a ring cavity60. That the mean-

field theory is not valid for high enough transmissions can be clearly
understood from the fact that here propagation effects become dominant.

><

f1.gj7 Transmitted field x as a function of the driving field y for
C = 20 and various transmission coefficients. The result of

the mean-field theory is identical to the exact result for
T = io.

-

10 20
V
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This is further illustrated in fig. 18 where we have plotted the forward

and backward fields inside the cavity for C = 20, x = 10 and various 1.

For T = io2 the forward and backwards fields are not only constant along

z but also equal to each other. In this case both the factorization (2.25)

and the Ansatz (2.27) are justified. Although it appearsthat the fields

remain fairly constant (say, within 20%) for lower reflectivities, the

forward and backward fields have increasingly different values as T in-

creases. Thus it appears that the main weakness of the mean-field theory

in this regime may not be so much related to the factorization (2.25)

than to the Ansatz (2.27). Tn fig. 19 we have plotted the value Tc of T

for which the deviation between the mean-field results and the exact theory

reaches about 10%, as a function of C (solid line). The dashed part of

this line corresponds to the alternative criterion of the onset of bista-

bility which is a stronger condition for small enough C. The mean-field

theory is valid below this curve (region (I)). We observe that the domain

of application of the mean-field theory is increased as C decreases. How-

ever, this corresponds always roughly (within a factor of 2) to the same

values of cL (dotted line in fig. 19), namely cL<5. The fact that cL must

be small for the mean-field theory to be valid is clearly understandable

since then, the field varies slowly with z. This has also been found by

Bonifacio and Lugiato for the case of a ring cavity.

In conclusion we have shown that the mean-field theory of optical bista-

bility is valid for high reflectivity mirrors and low absorption. The

dependence of the critical transmission T on aL is weak, but its de-

pendence on C is rather strong. Our results are in qualitative agree-

ment with the exact analysis of the ring cavity.

The domain of validity of the mean-field approximation is, in fact,

surprisingly large, since for cyL<4 and transmission factors T smaller

than about 10%, it can safely be used. That was not expected in view

of the rather brutal approximations (2.25) and (2.27). We emphasize,

however, that care must be used when comparing it with experimental

results or, alternatively, in the design of experiments aimed at

verifying its predictions. In the general case there is probably

no alternative but to solve numerically the complete set of Maxwell -

Bloch equations, including propagation effects.
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Fig. 18 Forward field EF(z) and backward field EB(z) inside the cavity
for C = 20 and T = io2 (dashed lines), T = 0.5 (dotted lines),
and T = 0.9 (solid lines).
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S.

.5.

20
C

5d

ftg.]9 Solid line: critical transmission coefficient I below which
the mean-field and exact theories agree within 10%, as a
function of C. The dashed part of this curve corresponds to
the criterion of onset of bistability, which is a more stringent
condition for small C. Dotted line: corresponding value of
ciL, from the equation C cL/2Tc.
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2.2 Transient Dynamics
(2.42)

For applications, the most important characteristics of bistable devices

may well be their switching characteristics. We now proceed to discuss

selected aspects of this problem.

2.2.1 General Aspects

In order to get a feeling for the transient dynamics of bistable systems,

we first address the following simple problem: assuming that the bistable

device is initially in some steady-state wth polarisation inversion d0,
and transmitted field x0, how does it react to a sudden switch of the in-

cident field from y0 to some new value y1, and how long does it take to

reach a new steady-state?

We first consider only the simplest case, i.e., absorptive bistability, and

consider mostly the case where the mean field theory (MET) is valid. However,

in view of difficulties which we discuss later on, it was important to use

for the numerical analysis both an "MET" code and a program taking propaga-

tion effects fully into account. At steady-state, the MET inversion d0 and

polarisation S0 are (see Eq. (2.34))

cl.o = -p

and (2.40)

s0 =

We have solved numerically the differential equations (2.34) for various

values of C, ’y, and initial conditions (x0, ' d).

Following ref. 52, we distinguish between two cases, the so-called "good

quality" and "bad quality" cavity limits.

The "bad quality" limit is defined by the relation

t » ?c 1L. ’
(2.41)

and, conversely, the "good quality" limit by

In fig. 20 we show the transient response of a "bad quality" bistable
system to a rapid switch of the driving field from y0 to y1. In this
case, C = 20 and e. lOy. Initially, the system is taken to be at steady-
state with y0 13.8(x0 = 0.5). The incident field is switched to y1 25
at t = 0, which brings the system into the upper branch of the optical
bistability curve. The initial bump of the electric field is a feature
that we have obtained in all of our computer runs, independently of
and C. Typically, this bump grows by about a factor of 2 as x0 0 and
decreases by about the same factor as x0

- 1. It is due to the combined
action of the filling of the cavity by the new electric field, which
occurs on a time-scale on the order of and a change in polarization
in the active medium (dotted line on fig. 20).

I,

0

V IU 1V ii) 4U 50

t (K')

f.jg.2O Solid line: Transient response of the transmitted field x(t) to
a switch of the driving field from y0 13.8 to y1 25 for C
20, X/y = 10 (bad cavity limit) T 5% (mean field limit). Dotted
line: Polarization s(t). Dashed line: Inversion d(t).

After some time, the active medium is bleached, i.e. ’ the inversion goes
to zero. (dashed line in Fig. 20). This translates into a large increase of
the transmitted field, and the device switches form the lower to the upper
branch of the hysteresis curve. When the switching takes place, we observe
the appearance of oscillations at the Rabi frequency ([yy1/2it in our di -

mentionless units). This confirms results already obtained in a linearized
analysis52



Let us now consider an example where the mean-field approximation is

violated. One can easily convice oneself that this is also the regime

where the transit time L/c is comparable to In this case, the

transient transmitted field exhibits a saw-toothed shape due to the

bouncing of the field back and forth inside the cavity. If the mirror

transmission I or L is large, this effect becomes very important, as

illustrated in fig. 21. As the incident field is switched from 0 to 30,

it takes a time L/c to propagate to the output mirror, which explains

the initial delay. From then on, the output field decays exponentially

with a time constant C, until it experiences an abrupt increase at

t = 3 L/c, and later on at 5 L/c, etc. This is simply due to the con-

tribution of the backward field, which takes a time 2 L/c, to propagate

back to the input mirror, be reflected, and give an additional contri-

bution at the output. This effect remains until an equilibrium configu-

ration between the forward and backward fields is reached inside the

cavity. Note that such a behavior is, of course, also present in the

limit of small mirror transmission. However, it becomes inobservable

there, due to the fact that L/c

x

10

Fig. 21 Transient response of the transmitted field x(t) to a switch of

the driving field from y0 = 0 to y1 = 30, for the same conditionS

as fig. 20, but T = 0.5.

In the "good-cavity" limit, the transient behaviour of the system is much

simpler. In fig. 22, we show an example of this limit ( -yllO). Here the

situation is changed completely. There are no more Rabi oscillations and,

even more important, the curve is totally independent of C (except for

I
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very short times). For not too short times the growth of the transmitted
field is exactly exponential with time constant 3e.'. Thus in this case,
and for all practical purposes, one sees that the Fabry-Perot cavity
drives totally the bistable device.. The absence of Rabi oscillation in
this case is in complete agreement with the predictions of ref. 52.

Let us now discuss what happens when one varies the final value of the
driving field in the vicinity of the transition point from the lower
to the upper branch. In this region, a linearized theory 52 had pre-
dicted the appearance of a "critical slowing down", i.e., an extremely
slow return of the system to equilibrium. This is a very important pre -

dictj0 since this could lead to limitations on the temporal response
as well as the size of signals which can be processed in optical bistable
devices. To assess the limitations imposed by the critical slowing
down, we have again solved numerically the bistability equations in
the Vicinity of this point. The result of a typical computation is
shown in fig. 23, for C = 20 and in the mean field limit. As the
Switched value of the driving field approaches the critical value

C + 1 (= 21), one observes the appartition of a significant delay
time tD before the device switches from the lower to the upper branch
of the bistability curve. However, the remarkable feature is that once
the SWitching is initiated, the transmitted field grows exponentially
With a time constant ” independently of y1. (This strictly holds

’C

0 1 2 3 4 5
t (K')

Fig. 22 Transient response of the transmitted field x(t) to a switch
of the electric field from y0 = 13.8 to y1 = 25, for C = 20,

= 0.1 (good cavity limit). Time in units of
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only for strongly bistable devices, i.e. C » 4. For C ’ 4, the tran-

sient response is more complicated, and one does not obtain a simple

exponential growth.)

x
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This picture clearly fails to explain why, once started, the transitionfrom the lower to the upper branch of the bistability curve alwaysoccurs on a time scale Z'. We note, however, that a similar situationoccurs in many nonlinear problems, as for instance in superfluorescence
where the pulse shape (nonlinear regime) is by and large independent
of the delay tD (linear regime)61.

The appearance of a large delay is undesirable for devices where afast response is wanted. We note, however, that this will not pre-
sent any major difficulty in practice, since it can be overcome in-creasing the field by only a few percent, as seen in fig. 24.

Fig. 23 Transient response of the transmitted field x(t) for various

values of the incident field y1, and a bistability coefficient

C = 20 21). Time in units of ', mean-field theory.

The appearance of a large delay as y1 - can be intuitively under-

stood in terms of a mechanical analogy. In the limit > T1, T2
(good cavity limit), the atomic variables can be adiabatically eli-

minated and the set of eq. (2.34) reduces to

* = _x~y _2Cc/('142). (2.43)

This equation also describes the motion of a marble in the potential

U(x) = .- - + c('--). (2.44)
2 -'

For y < y, this potential presents two wells giving the two possible

steady-states of the bistability curve. As y however, the first

well becomes shallower and shallower, to eventually become a plateau

for y y. For y > y, there is only one minimum left (higher bi -

stability branch). It is then clear that for y1 very close to c'
the

system, moving along a potential which is essentially flat, takes an

extremely long time to reach its steady state. As y1 becomes larger,

the slope of U(x) increases, and the delay t0 decreases accordingly.

E

U

yl

ffgg4 Delay time (in units of (1) as a function y1. C 20,
y = 10e, mean-field theory.

Furthermore the second feature of critical slowing-down, i.e., the con-stant risetime suggests novel applications of optical bistability,Such as compact optical delay lines.

We Close this section by noting that most of the theoretical pre -

dict05 discussed here (in particular the critical Slowing downan the dynamical behaviour in the "good-cavity" limit) have nowbeen Verified experimentallyß2c3

0 10 20
time (K)

Lt 23 2h
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2.2.2. Optical Memoy

For illustration, we now apply these results to a case of potential

practical interest, namely the use of optical bistability in optical

memories64. This is schematically illustrated in fig. 25.

The holding power of the device is given by a cw incident laser field

chosen such that the initial steady-state lies on the lower branch,

within the double-valued region of the characteristic curve.

If an appropriate light pulse y5 (t) is then superimposed on y0 at some

time to, the memory switches to the upper branch, and remains there after

the passage of the pulse.

Fig. 25 Optical Memory

In the absence of noise, a necessary condition for the memory to switch

is "obviously" that y0 + y5 > where y is the critical point of the

bistability curve. (We will see later on in the case of dispersive bi -

stability that this obvious condition is not that obvious, after all!).

However, this condition is certainly not sufficient, as one expects

intuitively that the memory will not react to very short pulses.

In order to determine under which conditions the memory switches,

we solve numerically the equations of motion of bistability with y5

of the form A exp (-(t - t0)2tt2). For simplicity, we take the fields

to be at resonance (absorptive bistabilitY), and use the mean-field

approximation. Also, we consider only the so-called "good-cavity limit",

- 64 -

since the absence of Rabi Oscillations in this case makes it simpler tointerpret the numerical results.

A few examples of such runs are shown in fig. 26.

2------ -
__________

16

203
12 4=1.0

1=1.0

4
(a)

0

20

S
Lii

’C)

1 234567

Response of the bistable device to the superposition of agaussian pulse to a cw field. Dashed line: incident field;solid line: transmitted field. Mean-field theory, C 20,L 1, y = 10, time in units of k1. (a) y 20.3, A 1.0= 1.0. (b) y = 20.3, A = 2.0, t = 2.0. (c) y0 20.3,A = 1.0, = 3.0.

We observe that if is too short, the memory does not respond to theSig] and remains on the lower branch. The effect of critical Slowing-down is illustrated in case c), where the amplitude of y5 has beenreduced in such a way that y0 + A is very close to y. Here, the swit-Ching Occurs after a much longer time that, say, in case b), as expectedfrom our earlier discussion.

The 'results of our analysis are summarized in Fig. 27, where we plotthe injfflu Pulse width tm necessary to switch the memory as a functionOf the Pulse amplitude A, for various cw levels y0. In this example,



- 65 -

the bistabilitY coefficient C 20, so that y C ~ 1 = 21. The other

-1
relevant parameters are K 1, T1 10, T2 = 20.

For A > - y0, we find that the minimum pulse width 'm S given by the

product Am cst. ’ which is indicative of a pulse area scaling law (or,

alternatively, an energy per unit bandwidth scaling law). As A approaches

- this scaling ceases to hold, and it takes extremely long pulses

to activate the bistable memory. This is an effect of "critical s1owing

down".

I

I.

(F. t)> Itcp ( -i-jf). (2.45)

I is, then, the noise power, and t is its correlation time. Not surpri-singly, we find that the system invariably switches provided the criteriaof fig. 27 are met. It is, however, much more difficult to determine thefinite Probability of switching the memory in the absence of signal (i.e.we now consider y5 = 0). Instead of a general tunneling theory* based onthe solution of the time-dependent Fokker-pJanck equation, we havechosen to limit ourselves to the following, intuitive, determinationof the response of the memory to noise. Consider a "test" signalgiven by

')E- (E')ff] (2.46)

where tf is the inverse bandwidth of the device. On the basis of thedeterministic analysis, one expects intuitively that the noise willswitch the memory if tfyJ(t) exceeds the area 0 Am given in fig. 27.For a gaussian process, this gives a "mean tunneling time" (mean timetaken by the noise to switch the memory) scaling approximately as

Minimum pulse width'm as a function of the pulse amplitude A

for various values y0 of the cw laser field. Upper curve: y0

20.8, middle curve: y0 = 20.3, lower curve: y0 19.6. The other

parameters are C = 20, y0 = 21, T1 10, T2 = 20, 1.

Up to now, we have ignored the effects of noise completely. In fact,

in most work published U to now, the influence of noise has

been largely ignored, although in practice, it will almost always

dominate over intrinsic quantum-mechanical fluctuations. Consider then

the case where external noise is superimposed on the incident signal.

We add to the total field a real, stationary, and gaussian noise

signal n'
which is characterized by having <n> = 0, and

ç M( (a/EI)
(2.47)

The only unknown quantity in eq. (2.47) is the filtering time tf. It canbe evaluated by computing the response of the optical memory to two pulseswhich are incapable of switching the memory when acting separately butCan activate it when they Occur simultaneously. An estimate of tf is thenObtained by varying the delay between the pulses and determining forWhich maximum value the device can still be activated.

ere are two major difficulties associated with such an approach: ingener one expects the noise to have a finite bandwidth, 50 that theO ker_planck equation is nonmarkovian; even in the limit of white noise,Optj .

.
. . .

.
.

.

CaJ bistability is such a highly nonlinear problem that it isdoubtfull if the time-dependent Fokker-pjan equation is amenable toa analytical solution.

1 IV JO

A
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though this de'ay depends to some extent upon the precise puSe

characteristics, it turns out to be on the order of i for a very

wide range of pu'seS. This is actuafly not surprising, since

is precisely the dominant time-scale in the good quality cavity

limit of optical jstability. It is therefore reasonable to take

the filtering time tf in our estimate of the mean tunneling

time <t>.

We have urnerically tested eq. (2.47) for various noise parameters I

and tc¯ The results are summarized in table 1, where we have reported

the numerical values of <t> and their ratios in columns three and four

and the orrespondiflg values obtained from eq. (2.47) in columns five

and six. In the last column, we have given the number of computer

runs used in each case. For large enough noise levels, there is a

remarkable agreement between the numerical results and the scaling

relation eq. (2.47). This is exhibited in the predicted and computed

ratios, which always fall within 10 % of each other. The systematic

iscrepaflcy of about a factor of two in <t> itwelf is due to the

fact that the noise can switch the memory only if it is in phase

with the cw laser. Hence, one should not count the occasions when

y0 and y are of opposite sign, so that the noise is effective only

half of the time. troducing this factor of two converts eq. (2.47)

to an equality which i in remarkable agreement with the numerical

results.

For the case with small noise power, eq. (2.47) seems to underestimate

the tunneling time <t>. This result is, however, within the statis-

tical accuracy of the computer experiment, since the distributions

of the 5witching times are broad, i.e. the variances are on the order

of <t> itself.

These results show that the dynamics of a bistable memory in the

presence of external noise can be largely understood in terms of

intuitive arguments based on the results of a deterministic analysis.

lthough our model is oversimplified both in its description of the

noise and of the memory, we do not expect significant qualitative

changes to occur in more realistic systems.

t I <t> R <t> R Nc num num th th

102 4.0 >100 >43 1.7x104 1.4x104 20
10_2 16.0 41.0 17.83 11.5 9.58 12
10_2 25.0 8.2 3.57 4.7 3.92 100
10_2 100.0 3.2 1.39 1.5 1.25 10
10' 25.0 2.3 1 1.2 1 100

Table 1

Summary of numerical results: I = noise power, tc = noise correlation time,
= numerical tunneling time, <t>th = theoretical tunneling time,

Rnum = numerical tunneling times ratio, Rth = theoretical tunneling times
ratio, N = number of computer runs. The relevant parameters are the same
as for fig. 27, and all the runs are for y0 = 20.3.

2.2.3. "Anomalous' switching

We now turn to a discussion of transient effects in dispersive bi -

stability. As we shall see, here, the situation is much more complex
than in the absorptive case. We consider the simplest possible model
of dispersive bistability, already discussed in section 2.1.1. We
Consider a single-mode field interacting with a non-linear medium.
We describe the interaction by expanding the polarization of the
isotropic medium to third order in the electric field amplitude as

c)
4 (2.48)

Using Standard techniques we obtain the semi -classical equation of
flOtjon for the electric field

(2.49)

re, y(t) i s pOpOrt iana to he driv Ing fiei d ampl 1 ud ’ and x(t)
the amplitude of the cavity mode. y and ii are the linear absorption

d d1spersjo Specifically, y describes, for instance, mirror losses,

WC UJL, where WL is the driving field frequency and WC ise Cavity fundamental frequency. It is easily found that dispersive



optical bistabilitY occurs if tw >r3y and &uc<O. Thus, bistabilitY

requires that the detuning exceed a critical value, and that the sign

of the detuning be opposite to that of the anharmOflicitY. The steady

state bistable curve is given in fig. 28, where we give the dimension-

less output intensity (x12 in terms of the input intensity The

points (a) -(c) label operating points of the device for later reference,

with (a) as the origin, (b) and (d) labeling the turning points of the

S-curve, and (e) lying above the bistable region. For the point (c) there

are three possible output fields, the lower (L) and upper (U) being stable

both in phase and amplitude, and the middle one (M) being unstable.

’xl

a b C d. e

fjj Typical bistabilitY curve, showing the hysteresis cycle in the

transmitted field intensity xt2 as a function of the incident

intensity a,b,c,d and e are representative operating points

of the device. L,U, and M label the three possible steady-state

configurations (lower, upper, and unstable, respectively). The

heavily-drawn portion of the curve indicates the steady-state

reached through a sudden increase of the incident field from 0

to a final value y1I2. The x and o represent the final states

reached through a sudden decrease of the driving field from ni

tial conditions marked by x and o to a final value y1(c I Y1'
The external parameters for this example are = 1, w = 5, and

= -10.

Let us now take up the question of the evolution to the final state565

In spirit, our approach follows closely that used for the absorptive case.

At. time t = 0, we take the system to be at some steady-state value (0YU
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on the bistabiJjty curve. At t = 0, the driving field .15 then switchedsuddenly to a new value y1 ((y1(2 c). The equations of motion are thensolved numerically to determine the transient behaviour of the system,and the final output field x1.

Consider first the following situation with reference to fig. 28 . Thesystem is initially on the lower branch at (x0,y0). The driving fieldis then switched to a new value y1 which is below the steady-statethreshold (d). There are no surprises for y1 outside the bistableregion; however, for y1 within the bistable region, an anomalous thres-hold appears (depending on x0, y0) so that switching to the upperbranch occurs for Iy1(2 < d. In fig. 28, the heavily drawn portionof the curve shows where the device will switch to when it is turnedon suddenly from y0 = 0. This is in sharp contrast to the situationin absorptive bistability, where, in particular, the application of adriving field 1y112 smaller than d on a system initially in the lowerbranch leaves it on the lower branch.

Similarly, for the system initially on the upper branch at (x0, y0),anomalous thresholds can appear on switching to a new value y1 which isabove the steady-state threshold (b). In this case, there is an alternatingthreshold behaviour depending on (x0, y). The system can either switch tothe lower or remain on the upper branch in the bistable region, dependingon the initial (x, y). This is illustrated on fig. 28 where the initialConditions marked with an x finish up on the lower branch whereas thoselilarked With a o finish up on the upper branch.

In fact, fig. 28 alone is inadequate to describe the dynamics in the caseof dispersive bistability since x and y are complex fields, and unlikethe case of absorptive bistability there is no interesting case inWhich One can take them both to be real. We may however make use of theS1ng arbitrary choice so as to always describe the situation where'S real and the general case y y exp(i) is found by multiplying theresult by exp(i) The phase -space behaviour of the alternating thres-desc bed in fig. 28 is shown in a numerical example in fig. 29. In
b

fig a success ion of different values of (x0, y) on the upper
with the driving field switched instantaneously to thefinal value y1. In successive trajectories (with increasing valueso the final state is first U, then L, then U again.
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1.01'.
-10 -0.5 0 0.5 1.0

Re(xl

Typical trajectories of the output field in the phase space.

For this example, the external parameters are the same as in

fig.28, and the final value of the driving field is (y1J2 0.49.

The initial output field is chosen to be on the upper branch

with initial intensities 1x012 = 0.6, 0.72, 0.85, 0.98, 1.12.

Anomalous transitions to the lower branch occur for

= 0.85,0.98.

Fig30 PhasesPaCe of the dispersive bistable system. The curve AB

gives all points where Im(x) = 0, and the curves CD and E all

points where Re(x) = 0. The (real) driving field increases

onotoniCally from fig. 30a to 30d, which correspond to the

operating points a to d of fig. 28, respectively. The points

L,U, and M have the same meaning as in fig. 28. The arrows

on fig. 30b indicate the direction of the trajectories as they

cross the curves AB, CD, and E. The value of the external

parameters is the same as in fig. 28.
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The discussion of the dynamics centers around fig. 30, which shows thephase space of the system. The four parts of the figure describe thecases (a) - (d) of fig. 28. In each figure we show the following curves:First the curve labeled AB which gives all points for which Im(x) = 0;secondly the curve CD, and in some cases an ellipse-like figure E, whichgive all points for which Re(x) 0. These curves are readily obtainedfrom eq. (2.49), since in each case the polynomials are quadratic in eitherRe(x) or Im(x), so that extracting the roots is straightfor Notealso that the curve AB is independent of the initial field, and is thesame in all cases. The possible steady-states of the system are the pointsof intersection of AB with CD or E. For fig. 30a, (no driving field), thereis only one point of intersection, at the origin, associated with thelower branch. As one increases the incident field the curve CD distorts,and in fig. 30b it starts to divide into two sections, the closed curve E,and an altered CD that now has the property that Im (x) > 0. The two seg-Rients touch at the same point where they intersect AB on the real axis.In the bistable region, shown in fig. 30c, the "ellipse" is well separated,and the stationary points L and N are shown as the intersection of CD andAE. In fig. 30d, the ellipse shrinks to a single point (L and M are thesame), and one can construct the case (e) of fig. 28 by dropping the pointaltogether Finally, it is useful in tracing the trajectories to know thesense in which they cross these curves. The arrows, indicating the di-rections of motion of the trajectories are shown in fig. 30b. All otherCases work the same way, except that the segment MU in fig. 30c has anarrow Pointing to the right. Numerical examples of trajectorj5 corres-POnding to these curves have already been shown in fig. 29. The trajec-tories Spiral into the final points, consistently with the arrows infig. 30b. The 'spiralJing" approach to a stable focus suggests how oneCan go about separating the phase space into regions that go to L and Urespectively by a judicious choice of numerical calculations
We first note that since the problem is fully deterministic, the trajec-tories cannot cross each other except at the points L, M, and U. Fur-thermore the direction of the arrows on fig. 30 indicates that trajec-tories Crossing the curves AB or E very close to, but on the left (right)of M will wind up on L (U). Thus, by integrating eq. (2.49) backward in
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time starting from initial conditions infinitely close to M, one can divide

the phase space in two regions leading to U and L, respectivelY66. This

procedure is described in fig. 31.

In fig. 31a we show an expanded view of the region of phase space around

the point M, with the curve FG denoting the section of E. Let us denote

by p1", a trajectory that goes through BM to L. We then integrate eq. (2.49)

backwards fl time, and find that the trajectory spirals off to infinity

as depicted in Fig. 31b. Now let us consider a trajectory "2" that passes

through FM. This must go to L, otherwise it would either cross "1" or

violate the sense of the arrows in fig. 30b. Let us then redefine 1 (2)

to be the trajectory that passes infinitely close to M and crosses

the segment BM (FM), and extend them by integrating backwardS in time.

E

b)

f9L1 a) Expanded view of the region of the phase-space around E,

with FG labeling the relevant section of the "ellipse" E. "1"

and "2" denote trajectories passing extremely close to M and

being attracted to the lower steady-state L. b) PhaseSPaCe of

the bistable system. The shaded area delimitates the region of

phase-space which is attracted to the lower stable point L. In

this example the driving field y12 = 0.75, and the external

parameters are the same as in fig. 28.

Noting first that 1 and 2 touch at M, these curves now divide the phase

space into two regions, namely the shaded and unshaded ones. Since no

trajectory in the unshaded region can get to L, we can conclude that a

trajectory will approach L if and only if it lies in the shaded region.

A
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The trajectories 1 and 2 serve to divide the phase space into two regions,
in which all trajectories go either to U or to L.

Fig. 31b shows that when we consider a switching from one incident
field y0 to another y1, it is not possible to give a simple qualitative
statement of whether one will wind up on the upper or lower branch.
Even in the simple case where y0 and y1 are both real and positive, the
switching is not straightforward. In this case, the initial point x0 lies
on the curve AB, and furthermore must be on the section between A and the
origin. Since the shaded region crosses AB in the region (e) of fig. 28,
it is clearly possible to go from U(e) to L(c) for any value of c, which
explains the apparition of anomalous thresholds. In the case shown in
fig. 31b, the shaded region encloses the origin, and so switching along
the lower branch is simple. As c approaches b, this is no longer the case,
and one finds the result inidicated in fig. 28, namely that one can have
L(a) going to U(c). Clearly, when one considers changes in the phase of
the incident field, the situation is even more complicated.

This analysis shows that there are further anomalies that do not appear
in the absorptive case. In particular, to get rapid switching, it is
important to avoid having a trajectory that is close to either curve
1 or 2 in fig. 31a. Otherwise one will get a behavior as illustrated in
fig. 32, where we show a case where we go from U(e) to U(c), but (e) lies
close to the shaded region. One sees that there are a number of rapid
transients, with a long dead time in which the system does not evolve
significantly. This occurs when the trajectory approaches the unstable
point M, in which case the time derivatives become very small. This
behavior is somewhat like the "critical slowing down" that occurs in
absorptive bistability. However, in the dispersive case, this type of
dynamics is not necessarily associated with a value of the driving
field close to the turning points (b) and (d).

Unlike the absorptive case, there are no simple rules governing the switch-
ing of dispersive systems, even when the driving field changes only in
amplitude. (Note that one also finds some surprises in the absorptive case
if phase changes are considered67.) Instead, one must inspect the phase
Space of the system to find the final state. It is important to note
that if the driving field y is switched extremely slowly to its final
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value, such that the system never departs significantly form steady

state, the predictions of the linearized analysis for the final state

of the system are again valid. Thus, it appears that the rate at which

y changes is a crucial parameter in optical bistabi1itY68. In practical

applications, it may be desirable to have a device which responds un-

ambiguously, according to the predictions of the linear analysis. Our

results clearly show that such a requirement will imply limitations on

the switching time of the device.

ixi2
0.8

L:tIj
32 Time dependence of the transmitted intensity, for a case where

the system is attracted to U, but the trajectory passes extremely

close to M. The external parameters are the same as in fig. 28.

The other parameters are Re(y0)14.3, Im(y0)0.351, Re(x0)
0.0439, Im(x0)0.985, Re(y1)0.866, Im(y1)0.O. The time is in

units of

On the other hand, we have mentioned earlier that a phase change in the

driving field leads simply to a rotation exp(i.f) of the phase-space shown

on fig. 31b. It is then clear that by an appropriate choice of phase, what

was initially a steady-state on, say, the upper branch, can be moved into

the shaded area of fig. 31b, and thus wind up on the lower branch. (Switching

from the lower to the upper branch is obviously also possible in this way.)

Thus, a dispersive bistable device may be switched merely by a change in

the phase of the driving field. This should be very useful for device

applications where low powers are desired69.

i
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As is usually the fact, however, this nice property also has a dark side.It is well known that an amplitude stabilized laser well above thresholdstill presents significant phase fluctuations, which are the major causeof its finite linewjdth They arise as a result of the presence of variousnoise sources, such as spontaneous emission, thermal noise, etc. We havejust seen that phase changes in the driving field can be sufficient toswitch a bistable (or multistable) device. The natural question thatarises then is to determine whether the phase67 and frequency7° fluctua-tions present in any real laser are sufficient to produce changes in theswitching properties of the device away from those predicted on the basisof a fully coherent model for the field. From Preliminary results67, wecan already draw the conclusion that the phase fluctuations of the drivingfield (i.e., its finite linewidth) are in general far from being negligible,even in purely absorptive bistability For instance, if the laser linewidthis of the same order as the resonator bandwidth, the effects are quitedramatic, and have serious practical implications.

If one waits long enough, even small phase fluctuations eventually leadto a finite Probability of switching the system down to the lower branch.One must thus introduce some kind of "quality factor" of the device, whichmight have to do with the time scale over which it has to behave as abistable system with given "steady-state" characteristics. For some appli-cations, it may be sufficient to have an equilibrat time on the orderof microseconds while minutes or hours may be desirable in other cases.
For very broad laser linewidths, we expect that bistability will dis-appear altogether, for all time scales of practical interest. This isin agreement with results of Drummond et al.71, who have shown thatthis is Precisely what happens in the case of a nonlinear interfero-meter driven by a broadband (delta-correlated) field. As Pointed outby these authors, the crucial point now is that bistability is a tran-sient effect, that one would like to exist on relatively long time scales.In order for this to occur, the switching (or equilibration) time shouldbe slow in comparison to all times of practical interest. It is clearthat the effects of quantum fluctuations are extremely small in opticalbistabi1ity72 However, the noise in the driving field is certainly aproblem which must be considered seriously.
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In this Section, we have discussed but a few of the many fsciflating

facets of transient dynamics in optical bistabilitY. In particU1ar we

have completely ignored the appearances under appropriate conditions, of

a limit-cycle solution leading to 5f_pl5ing7374 and the possibility

of transforming cw light into pulsed light in a passive system. Other

groups have also shown both oretical1y75 and experimentally76 the

onset of periothdOublin phenomena and chaos in dispersive istability.

It is completely out ol the scope of this short review to discuss all

these effects in detail, and the interested reader is refered to the

primary literature, and to a book completely about optical bista

bility presentlY written by Gibbs and McCall77.

2.3. An AppliCatiO the Nonlinear Sagnac Effect

2.3.1 The Effect

To conclude this Chapter, we present a rather unexpected application of

optical bistabilitY, that is, an application which has nothing to do with

optical transistors, memories, or the like. Rather, we show that by using

a nonlinear interferometer, it is possible to enhance the Sagnac effect78

by orders of magnitude.

It is well known that the Sagnac effect provides a powerful way to measure

rotation rates with extreme accuracy79. In particular, recent proposals to

check the curvature of space and the LenseThirrin9 effect are directly based

on this idea80. Recently, we proposed a novel way to enhance the Sagnac effect

by use of a nonlinear ring interfer0met81. SpecificallY we take advantage

of the nonlinearly induced nonreciProcitY of 0erpropagatiflg waves, i.e.,

the different speeds of propagation of counterPr0Pagating waves of different

intensities caused by the formation of an index grating82 in the nonlinear

medi um.

The Sagnac effect is caused by the nonreciPr0CitY (different optical path

lengths) of two 0unterpropagatg waves due to the rotation of a ring

interferOmeter. In a resonator filled with a nonlinear medium, the optical

path lengths are further varied as functions of the light intensity. If
this nonlinear change is the same for both waves, it has no influence
on the Sagnac effect. However, this need not be the case. If a nonlinear
index grating is generated by standing waves, the nonlinear change of
optical length is different for the left- and right-propagating waves,
provided that these waves have different intensities. Therefore, we can
use the initial small change of amplitude provided by the usual Sagnac
effect (which is due to the dependence of amplitude on the resonance
frequency detuning) to generate a large additional change through the
nonlinearly induced nonreciprocity of the optical paths of the counter-

propagating waves. (One of the amplitudes decreases while the other one
increases, leading to nonsymmetrical propagation.) Clearly, this non-
linear enhancement is expected to increase dramatically in the vicinity
of a possible nonsymmetrical instability of the counterpropagating waves.

We consider as in Section 2.1 a passive ring resonator, filled with a
Kerr-like nonlinear medium. However, this system is now pumped in both
directions by two incident beams of same frequency v and amplitude
(see Fig. 33). The nonlinear susceptibility is given (see Eq. (2.4)) by
CNL(x) = + where in the simplest case NL = cE(x)I2. Here
E(x) is the total field at location x. It is well known that in the
presence of two counterpropagating waves, the nonlinear component ACNL
is different for opposite directions, namely, for a Kerr-type non -

linearity82,
4L

= E(IE4It4 zßg.z)
(2.50)

NL.
2.E2(ETj42J,l ).

Here E1 and E2 label the clockwise- and anticlockwise-propagating fields,
respectively, such that the total field is

jkx -tkX
E() 1- . (2.51)

The nonreciprocal factors in Eq. (2.50) result from the formation of a
nonlinear index grating that leads to the cross interaction of E1 and E2,
as can be shown from the following argument. The nonlinear part of the
polarization is given by NL

E&. When Eq. (2.51) is used, in the case
of the cubic nonlinearity one obtains
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..LJC \

p$L E1Et = (E1e -

4.C.)]1

£k f
.

’

2.

(f* 2EI1 )

(+ rapidly varying terms),

Therefore, taking the frequency v of the driving field to be close to one
of the eigenfrequencies of the resonator, the steady-state amplitude E1
of the field j (j = 1,2) is (compare with Eq. (2.9))

E1(- IrT)
(2.52)

.

=

i~ -'E- +(-') 4LfL]
.

(2.53)

so that the relevant susceptibilities for the clockwise and antic10CkWi5e

fields are as given in Eq. (2.50). We stress two important facts in regard

to this result. First, the nonlinearly induced 0reciprOcity (2.50) is

solely due to formation of a nonlinear index grating that is caused by the

0(ineQr

Here, E1 is the incident field, T is the mirror transmittivity, L is the
total optical length of the resonator, and L5 is the optical length of
the nonlinear sample. c

= cT/L is the empty cavity bandwidth and 'y. gives
the linear losses of the medium inside the cavity, so y =

c
+ gives

the total bandwidth of the system, k0 = w0lc, and

4S 6/L (2.54)

is the Sagnac

and W is its

form valid fo

dimensionless
intensities

the area of the ring resonator

Eq. (2.53) is an approximate

is, y « c!L. We introduce the

and the dimensionless

A = (-' (E1 ItL, fL -T)( / - (2.55)

notating ring resonator with nonlinear medium and two pumping

beams of equal intensity.

periodic term (E1 E2*e21+C) cos 2kx in EI2. If this periodic

grating is washed out by some process (e.g. diffusion), then the nonreci

procitY in Eq. (2.50) disappears. Second, the cross interaction caused

by the Kerr_nonlinear index grating does not lead to the mutual backre

flection of both of the
waves at the grating, as has

been expliCity shown by ZeldoVich83. Hence the effect discussed here S

caused solely by a nonreCiPr0Cal change of optical length.

(Note that I, A, and change sign for c2 < 0.)

The equation for the intensity I is readily obtained by multiplying Eq.
(2.53) by its complex conjugate:

frequency shift78, where S is

rotation frequency. Note that

r' the good finesse case, that

frequency = (v-v0)/'y and c

A i { i-(-t)sz i + 2IJ2). (2.56)

We assume that in the absence of rotation the intensities I and 12 are
equal (reciprocal regime). That is, 11=12=10, where 10 satisfies the
equation

A=
(2.57)
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We also restrict ourselves to the most teresting case of small rotations

« 1), so we can assume that the perturbations = I - 10 of both

waves are small (C « lo). Under these conditions, we immediatelY find the

solution for

-

where
4

(2.58)

'7
-

4+

Therefore the total phase difference between the two

waves is given by Q instead of by Q. Hence the result of the nonlinear

medium is to scale the Sagnac effect by a factor of q. Equation (2.58)

is an implicit form for ' and 10 still must be determined from Eq. (2.57).

One expects to be much larger than unity for values of the driving field

and etuning such that the system is near the onset of an jstability.

Calculations based Ofl Eqs. (2.57) and (2.58) show that the boundary of the

unstable regime (n - co) is given by

5)± (3(_)1J ' (2.59)

As is shown later, this instability leads to a,new steady-state regime

such that I * 12 (nonreciprocal regime) in the absence of rotation.

The threshold of this instabilitY occurs for Ath = 8/3 and Ath =

which gives 10 = 2A13. We find that the enhancement factor r increases

dramatically as one approaches the instabilitY boundary from the sym-

metrical regime of operation, i.e., as one decreases . Note that for

> the regime of operation for Q 0 is symmetrical and stable for

any value of the driving field.

In Fig. 34, we show the enhancement factor q as a function of the driving

field A and for various etUningS > These curves were obtained by

solving Eqs. (2.57) and (2.58 ) consistently. As expected, becomes in-

finite for A = Ath and A = Ath. It follows from Eq. (2.58) that, for a

fixed detuning, the highest enhancement is given by

= 4fC2 - (t,t4%)hI2.1. (2.60)

-82 -

In the vicinity of the threshold (A - Ath « )’ this reduces to

%ax 1/J3(A - Ath). The corresponding amplitude of the driving field
is

A _2(~)[(4"4 ]'
(2.61)

It is interesting to note that, even far from the instability threshold,
the enhancement remains large. In the limit A - co, ri - 3, independently
of A. We also remark that the enhancement is only weakly sensitive to
changes of the driving filed (see, for instance, curve 3 of Fig. 34),
which indicates the possibility of using pump lasers with relatively
high intensity fluctuations.

1000

11

10

0.1 I

0 5 10 15
A

Fig. 34 Enhancement factor ri as a function of the dimensionless pump
intensity A for various values of the dimensionless frequency
detuning A: 1,A = 0; 2,A = -/(1-0.2); 3,A = -J'(1-2I35); 4,A =

J(1"1/35); 5,A =

We illustrate our results wit the following example. We assume large mirror

reflectivity ( I 0.1), neglect the internal losses (y «
c'

and take

advantage of the 1 (3)
= i«'2 esu]. Considering L5arge x in InSb

100 pin and k0 1.2 x 1O4 cm", we obtain, with the threshold condition



Ath = 8/-/, E1 th
45 V/cm. For a beam area of 1 mm, this corresponds to

an incident poier of about 50 mW, which can readily be achieved in the cw

regime.

This enhancement of the Sagnac effect could obviously find applications in

cases in which high sensitivies are required (e.g., optical tests of

general relativity). On the other hand, this effect provides a direct way

to study experimentally nonlocal interactions of light with matter, since

it is due solely to the formation of a nonlinear index grating, which in

turn can be formed if the nonlinearity depends only on the light intensity

at a given point (local interaction). If the index grating is washed out

by some fast process (for instance, diffusion in gases), the nonreciprocal

factor 2 in Eq. (2.56) is replaced with 1 +
’ where in the general case

Oc1. This leads toa reduced enhancement factor 1 + a(q-l). Thus

the measurement of r provides a novel spectroscopic method to analyze

nonlocal interactions (nonreciprocal Sagnac spectroscopy).

2.3.2 Its Interpretation

In order to give a physical interpretation of the nonlinear Sagnac effect,

we now consider what happens, in the absence of rotation, to a ring inter

ferometer filled by a Kerr medium and symmetrically pumped by two beams of

same intensity and opposite direction. We show explicitly that beside the

expected usual bistability, this system is characterized by a new instabi-

lity leading to a non-symmetrical regime, i.e., the amplitudes of the two

counterpropagating waves become different. This new feature is due to the

cross-interaction of the two-waves via the nonlinear index grating that

they generate.

In the absence of rotation, Eq. (2.56) becomes

A i, [- (+I3 (2.62)

We consider two different solutions, the symmetrical and asymmetrical ones.

In the symmetrical case, 1 = 12 = 'o' the intensities satisfy the

A = ; [i (ftI5)7].
(2.57)

The intensity lo as function of the incident intensity A is shown infig. 35 (symmetrical branch) for various values of the detuning t. As canbe seen from figs. 35b,c,d, the symmetrical regime exibits an hysteresjsfor sufficiently large values of i and A. By requiring that d10/dA = atthe points of hysteretic jump, we find readily from eq. (2.57) that thedomain of symmetrical bistability is given in the plane of the parametersA and by the relation

A = (2(I)[_ A.(AL+5)
(2.63)

This domain is shown in fig. 36 as the curve A2. The detuning threshold

3
1I

_2 12 or

00 1 3 1 2 3
tn(1+A) n(1.A)

00 1 2 3 4 5 6
In (1 ¯ A)

(d)

NON -SYMMETRIC
BRANCH

3 4 5
In(1,A)

Normalized intensities Ii and 12 as a function of the dimensionlesspump intensity A. THe dashed parts of the curves indicate the
regions of instability. The curves labeled by I = 12 give the
symmetrical regime, and the points A' and B' the crossings bet-
ween symmetrical and asymmetrical regimes. The four figures are
for various values of the dimensionless detuning . (a) = 1.65;
(b) -1.8; (c) = 4; (d) = 7.

equati on
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Domains of operation in the plane of the parameters A and L. The

curve A1 defines the domain of instabilitY of symmetrical solution,

A2 the domain of bistability of the symmetrical solution and A3
the domain of multistabilitY of the asymmetrical solution.

for the onset of symmetrical bistability is given by tx2 = -4J3, which corres-

ponds to a driving intensity A = 8/9J3. However, it can easily be shown by

a linear stability analysis that under appropriate conditions, the symmetri-

cal regime determined by eq. (2.57) becomes unstable. The domain of insta-

bility of the symmetrical solution is given by

A (1()_A(A2-) ± ¯

(2.64)

It is shown as the curve A1 in fig. 36. The detuning threshold for this

regime is = -4f3 which is equal to 2'
but corresponds to the larger

pump intensity A = 81V3. Inside this domain, the stable behaviour of the

system is characterized by the fact that I and 12 are unequal. For

~ I, the two coupled third-order equations (2.62) can be reduced to a

single third-order equation for S = 1 + I2

:.

A [4-i. (s*1:2J{2L+3sJ, (2.65)

which can be solved readily for any values of A and . The separate values
of I and 12 can then be obtained via the equation

A =

where P = 1112.

asymmetries in pumping.

(2.66)

The asymmetric solution is shown in figs. 35(b,c,d). Note that I and 12play completely symmetrical roles in eqs. (2.65) and (2.66), so that which
of them will become larger is determined by noise or slight initial

It is interesting to point out that the asymmetrical regime can itself be-
come multivalued for large enough and A, as seen in fig. 35d. Applying
the same criteria as in the symmetrical case (dI/dA = c,j = 1,2) we find
that the domain of multistability of the asymmetrical branch is given by

A = ± (1_n)uJ2J .

(2.67)

The corresponding threshold of detuning is 13 = -3J3, which gives A = 8//3.

Let us now discuss in detail the behaviour of the system as one increases
and decreases the pump intensity. We consider first the case of fig. 35b,
which exhibits two separated regions of bistability. As one increases A,
the system, initially in the symmetrical regime, first jumps to the high
symmetrical branch, exhibiting a bistability which is similar to that dis-
cussed earlier. As A is increased further, the symmetric regime becomes
unstable, and Ii (or 12) becomes larger, while 12 (or 1 decreases.
This asymmetric regime holds until A is so large that the system returns
continuously to the symmetrical regime of operation.

If one now decreases A, one first goes again into the asymmetrical regime.
For smaller A, the system returns continuously into the upper branch of the
symmetrical regime, and eventually jumps back down to the lower symmetric
branch.
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The case shown in fig. 35c is similar, except that the first jump (for
difference via the nOnhinearlyinduced nonreciprocity of the optical paths

increasing driving field) brings the system directly into the asymmetrical
Of the counterpropagatjflg waves. Near the instability point, however, the

regime. Thus, in this case, one has two overlapping bistable regimes (one
symmetrical waves generated inside the resonator tend to become unstable

symmetrical and the other asymmetrical), giving tristability in the rigion
even without rotation. it Is then not hard to imagine that any rotation

of overlap, will enhance this instability, and lead to an orders_of_magflj enhance-ment of the Sagnac effect.We now turn to the case illustrated in fig. 35d. The major new feature, as

compared to the previous case, is that the system becomes pentastable (5

stable states, one of them being symmetrical while the others are asymmetri-

cal). Thus, when decreasing the pump intensity from a very high value, the

system exhibits a discontinuous jump in the asymmetrical regime. If one

increases A again, one covers an hysteretic cycle in this regime.

These results give us a very simple physical picture of the large enhance-

ment of the Sagnac effect in the vicinity of the point where the symmetric

solution becomes unstable.

In the absence of rotation, the intensities of the waves excited inside the

resonator should be the same, jE 2 fE2(2 (E0)2. Suppose that the laser

frequency is set on the side of transmission curve of the resonator (Fig. 37).

In the presence of rotation, the Sagnac effect causes a different change of

the intensities of the waves. This is because of the sharp dependence of

each of the intensities on the Sagnac detuningaround the point of inflexion

Fig: 37 The Sagnac splitting of

resonance for clock- and

counterclockwise propaga-

ting waves.

vc

of the resonant curve: one of the intensities decreases while the other

increases. Therefore, the initial small difference of intensities provided

by the usual Sagnac effect can be used to generate a large additional
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