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ABSTRACT

The Stark effect in one-electron atoms is investigated. The reliability
of semiclassical approaches as a method to provide the field evolution
of the complex resonance parameters is studied in detail. An express-
ion for the asymptotic phase-shift is derived. From a Breit-Wigner
parametrization of this phase-shift simple analytical expressions for
the resonance parameters are obtained. As a byproduct of this work,
we derive a general expression for the phase-shift for problems in-
volving potentials diverging like -r at infinity. We also propose the
use of Hadamard's concept of an improper integral as an efficient
analytical way of treating the exceedingly complicated high-order

semiclassical contributions.
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Introduction

Seventy years ago, in 1913, Stark! reported the first observation of
the splitting of atomic lines in external static electric fields. Since
then, the study of atomic properties under static electric fields, the
so-called Stark effect in atoms, has proven to be a valuable source of
much useful information. Two quotations might perhaps help us to
understand why such a classic problem in atomic physics remains still
today a very attractive subject of theoretical and experimental investi-

gation.

The difficulty of the problem and the basic reason for the continued
theoretical work on it can easily be recognized in a paper written in
1928 by Oppenheimer? where he foresaw, two years before experimen-
talists observed it, that an electric field would do more than just

shift atomic energy levels. He wrote:

"If one separates the wave equation for the hydrogen atom in an
homogeneous electric field in parabolic coordinates, one finds
that one of the equations has a potential energy which becomes
negatively infinite for infinite values of the coordinate.... There
are thus no stable, stationary states possible for a hydrogen
atom in such a field. ...We must, therefore, conclude that,
under the customary experimental conditions the characteristic
functions found by the perturbation method, which yield the
Stark effect, are not the stationary solution of the wave equa-
tion, and that they do not completely describe the effect of the
field."

The nonexistence of stable, stationary states as mentioned by Oppen-
heimer is common to several physical situations, for which one speaks
of "resonant states". Such states can be characterized by a resonant
energy and a width. As the resonance energy increases, so does the
corresponding width, with the result that an initially narrow resonance
becomes more and more diffuse. Perhaps the simplest mathematical des-

cription of such resonant states is that they resemble bound stationary



states in that they are localized in space [at some initial time, say
t=0], and have their time evolution given by

Wty = oIET/N

i(o).
This equation has the usual stationary state time dependence except
for the fact that here the energy E, assigned to the resonant state,

is complex

A%

E=E -i5, rzo.

A traditional definition of resonant states is to identify them with a
pole E of the scattering S matrix in the complex energy plane. The
boundary conditions for a solution of the radial Schrédinger equation
at a resonance pole are that it is regular at the origin and has an out-

going wave only character at infinity3.

A second quotation shows what type of experimental information may
now be obtained, therefore making the experimental investigation of
the Stark effect in atoms so attractive. The theory of the Stark effect
in hydrogen was revised by Rice and Good* in a paper published at
about the time that lasers were born. They derived formulas for
the complex eigenvalues mentioned above for a region near the auto-
ionizing limit, at that time a region not acessible to experiments.

They wrote:

"The problem [of the Stark effect in hydrogen] is reconsidered
below in order to find the position and half-widths of the levels
near the peak of the barrier. It is worthwhile to have some in-
formation on these levels even though they are not observable
by optical spectroscopy. ...Only levels well below the peak of
the barrier are observable by optical spectroscopy. It would be
interesting if some other type of experiment should turn out to

be sensitive to the high levels".

Present day tunable lasers together with field ionization detection
techniques are a good example of the probes sought for by Rice and
Good. New experimental techniques have allowed one to study highly
excited Rydberg states and have reawakened interest in the study of
the decay mechanism of Rydberg atoms in static electric fields. Recent
experimental investigations brought some unexpected results. A good
example is the observation of relatively stable resonances well above
the autoionizing limitS. All this new experimental work has shown that
the complex resonance parameters are not described in enough detail

and precision by the available analytical results.

In the present work we reconsider the Stark effect in one-electron
atoms, motivated by the various experimental results now being
obtained. The Stark effect is a classic subject in atomic physics and,
therefore, has a vast amount of bibliography associated with it. Back-
ground reading as well as detailed references can be found in the re-
view papers by Kleppner®, Feneuille and Jaquinot?, Koch®, Freeman®
and Kollath and Standagel®. There is also a book, by N. Rydell, on
the Stark effect in atoms and molecules. Here we will study the Stark
effect in the light of semiclassical approaches!?’/13. One of our main
objectives is to investigate the reliability of semiclassical approaches
as a method to provide the field evolution of the complex resonance
parameters. As will be seen, contrary to current belief, semiclassical
approaches are able to correctly describe spectral properties of atoms
in electric fields, even near the autoionization limit. As a byproduct
of the present work we generalize semiclassical scattering formulas to
include the case of potentials diverging like -r at infinity. We also
propose a new approach to analytically treat some complicated pseudo

singular integrals which appear in high-order semi-classical theories.



Chapter | Review of the Stark effect in atoms

In this chapter we review the most common theoretical approaches to
the problem of atoms in static electric fields. We start by reviewing
some well known properties of unperturbed hydrogenic atoms and de-
fining the system of coordinates suitable to treat the DC Stark effect,
namely parabolic coordinates. Throughout this work we use atomic

units (e=me=‘r1=1) for all quantities unless otherwise noted.

-1 Unperturbed Atoms

The Schrédinger equation of a one electron atom of nuclear charge Z

is given by

1 Z _ "
(- 38 -2 = Ey, -1

where A is the quantum mechanical operator for the kinetic energy.
In  the above equation spin and relativistic effects have been
neglected since we will be concerned with Rydberg states. As is well
known, owing to the O(4) symmetry of the fieldless hydrogen prob-
lem, Eq. I-1 can be separated in four different systems of coordina-
tes: spheroconical, prolate-spheroidal, parabolic and the usual spheri-
cal coordinates. Fortunately for those wishing to study the Stark
effect, the separability of 1-1 in parabolic coordinates is maintained
when the atom is placed in a static electric field. The parabolic coordi-
nates (&,n,®) are connected with the cartesian coordinates (x,v¥,2)

through the relations

E= P& g X = Jﬁ'cosy
n= r-z v = ,/'gﬁ’siny -2
P = arctg(y/x) z= (&n)/2

where r = Jx2+y2+z2 = %(gm). As in the case of spherical coordinates,
0 <9< 2n, while £ and n are defined on the semi-infinite interval

0 £&, n < ®» In these coordinates the A operator is given by

A

R EET) RS

Using the product Ansatz

_ e K timy
You9)= T/ N7
for the eigenfunctions, Eq. I-1 can be easily separated and analyti-

cally solved. The eigenfunctions of the fieldless problem defined by

I-1 are found to be products of exponential functions and generalized
Laguerre polynomials in the variables £ and n. In these coordinates,
the principal quantum number is n = n, + Ny + m + 1, where n, and

n, are called the parabolic quantum numbers. In general, any of the

2
n-m eigenfunctions in parabolic coordinates for a fixed value of n and

m is a linear superposition of the n-m eigenfunctions in spherical co-
ordinates for the same values of n and m. For the (non-degenerate)
ground state (n=1, i.e. n, = n2 = m = o) the eigenfunctions in para-

bolic and spherical coordinates are identical.

We now proceed by placing the atom described by 1-1 in a DC electric

field and studying the modifications on its spectrum.

-2 Atoms in electric fields

If the atom described by Eqg. I-1 is placed in a region where a static
electric field F, pointing in an arbitrary direction (say z) is present,

then I-1 is replaced by
1 Z _
(- —2-A =5t Fz)y = Ey.

As before, the product Ansatz |-4 is used to separate -5 and to obtain

the following set of equations

% = E
"d]';::-"‘(’%*%z"';s) Y o= 7 1

b (T, - E
Ut 41 SUACREAY

7-51+Z7_ =-Z)

Z1 and 22 being separation constants.



This is the set of equations defining the properties of the atom in pre-
sence of a static field F. It is easy to recognize that |-6a and |-6b
are radial Schrédinger equations for the motions in a £- and in a n-
potential. Note also that the equations are identical under the replace-
ment of Z_! > 22 and F < -F. Equation I-6a corresponds to a confined
motion in the £ coordinate. Equation |-6b presents a singularity in

which the n-potential diverges to -» as n » =,

Since we are mainly interested in the spectral properties of atoms in
electric fields, our attention will be concentrated on the study of the
functional dependence of E = E[F]. The usual approach to this problem
is to solve the differential equations 1-6a and |-6b, determining the

functional dependence of the parameters Z_ and 22 as functions of E

1

and F. After this has been done, the constraint Z1 + 22 = Z allows

one to obtain the energy E as a function of the field strength F.

With regard to the potential in Eq. -5, V = - Z/r + Fz, it is impor-
tant to realize that it possesses a barrier whose height and width
depend on the external electric field. Classicaly one expects that the
electron in a particular state would leave the atom if its energy
exceeds the maximum of the barrier. Quantum-mechanically one finds
that none of the previously bound states (of the fieldless problem) is
stationary any more, but all have a finite lifetime since the electron
may eventually tunnel through the barrier leaving the atom ionized.
The finite ionization probability means that a stationary level of the
unperturbed atom is turned into a narrow band of a continuum by the
electric field. The problem of calculating the center of this band and
its width is quite similar to the problem of quasibound states in scat-
tering theory. These processes are usually described as energy eigen-
value problems with complex eigenvalues. The real part of the eigen-
value gives the center of the band while the imaginary part is connec-

ted with its width.

The most common approaches to the Stark problem have been perturba-
tion calculations, semiclassical (WKB) calculations and direct numerical
integration of the system of equations |-6. We now proceed by re-

viewing these three approaches. However, since the Stark problem is

a very old one its literature is enormous. Therefore, rather then try-
ing to summarize everything that was published in this field, we will
be more concerned with the mundane but important question of search-
ing for a simple yet reliable way to obtain the spectral evolution as a
function of the field. Our motivation is derived from the recent
developments in the experimental work with Rydberg states. For more
detailed reviews and further references we refer the reader to the

works listed as our references 6713,

I-3 Perturbative approach

The theory of the Stark effect was the first application of perturba-
tion theory in quantum mechanics. This application was done by
Schrodinger!? himself. He was able to reproduce the formula for the
linear Stark effect

72
2n2

Fn

E=S Y27

njw

(n1 - n2), -7

already known from calculations of Schwarzschild and Epstein based
on the old quantum theory. Since then people have been studying the
series expansion for the energy whose first two terms are given by
I-7. That the calculation of this series is not trivial can be under-
stood when one observes that, despite several attempts, the correct
fourth-order term was only found!® in 1974. In 1978, through inten-
sive use of computers, Silverstonel® obtained corrections up to the
150th term. More recently the algorithms for computers have been
extended and, in principle at least, the whole series can be generated.
However, it should be noted that the extension of the perturbative
calculations to such high orders is not the same as extending the
validity of I-7. Since the middle of the fifties it has been known that
the standard summation of the energy series is divergentl?. Further-
more, perturbation theory in the usual sense is not able to provide a
description for the observed width of the energy levels since it does
not contain a mechanism to take "tunneling" into account. The re-
sonances are described by a complex eigenvalue and standard pertur-

bation theory only gives the real part of this eigenvalue.



The present interest in evaluating the energy series up to very high
orders is connected with discoveries that the standard perturbative
series, although being divergent in the wusual sense, is Borel
summablel®. Furthermore, a dispersion relation was also found!8. The
fact that the series is Borel summable allows one to use the standard
divergent series to still obtain useful information regarding the real
part of the eigenvalues. The dispersion relation, on the other hand,
allows one to generate the imaginary part of the energy eigenvalue

from a knowledge of the real part.

At the moment the results obtained from perturbation theory may be
summarized as follows. The standard energy series may be used in
applications at weak fields but eventually diverges. The new concepts
mentioned above are just in their infancy. The Stark problem has
been used as a testing ground for them, but no compact algorithm
has emerged yet. The numerical effort needed today to obtain eigen-
values competes with exact numerical treatment of the problem. The
problems of perturbation theory at high orders was the subject of a

very recent Sanibel Symposium®.

I-4 Semiclassical approach

Although Sommerfeld and Wentzel had discussed the Stark problem
earlier using the semiclassical (or WKB) approach, the 1930-31 work
of Lanczos?? js often quoted more, due perhaps to his more detailed
calculations. Lanczos was interested in determining critical fields for
the ionization of the hydrogen atom on an electric field in order to
explain some spectral features that were being measured by Rausch
von Traubenberg. He used the first-order WKB approximation for the
problem as defined by I-6. In his calculation the centrifugal term, in-
volving the m2-1 contribution, was neglected. The numerical values
obtained by him were in fairly good agreement with the experimental

results then available.

In his investigations Lanczos had been only concerned with states well

below the classical autoionizing limit. Later on Rice and Good? studied

= 0 =

the region near the peak of the barrier, obtaining an improved
formula for the lifetime against ionization. As was done in earlier WKB
treatments, the quantization equations were expanded, truncated and
integrated. They also took the m2-1 term into consideration. Although
Rice and Good intended to study the region near the peak of the
barrier, they treated the problem as a quantization in the well near the
core plus a tunneling through the barrier. As we will see in the next
chapter, this separation has drastic consequences near the top of the
barrier. Their approximated formulas were used by Bailey, Hiskes and
RiviereZl to calculate electric field ionization probabilities for quantum
states up to n=25, and since then these have been quoted in the

literature as the standard results of WKB calculations.

The last authors to consider the application of the WKB approximation
to the Stark Hamiltonian were Beckenstein and Krieger?2. They also
considered the centrifugal term and 'replaced" m2-1 by m2. As will
be discussed in the next chapter, this substitution is of vital import-
ance for WKB calculations. By performing a similar expansion to that
previously used by Rice and Good, combined with a different integra-
tion technique, they were able to correctly reproduce the three first
terms of the perturbation energy series then available. To obtain this
result they needed to consider higher order terms of the WKB

approximation instead of the usual first-order ones.

Recently, using a first-order WKB approximation, we reinvestigated
the Stark effect?3’/2¢4, By using a full scattering approach the prob-
lems briefly mentioned above can be overcome. This approach
provides one with compact formulas which give resonance parameters
in good agreement with experimental wvalues and with results from
numerical treatments of the problem. This semiclassical approach will

be discussed in more detail in the next chapter.
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-5 Numerical solution of Schrédinger's equation

Of course, the system of equations |-6a-6c can be treated numerically.
In practice this treatment is quite elaborate owing to the particular
spectral properties of the differential equation 1-6b. Damburg and
Kolosov?3 and Luc-Koenig and Bachelier2®é have recently numerically
studied the Stark effect for some quantum states. Whenever a com-
parison is possible, both computations are in good agreement at low-
to-medium field strengths. As the field increases the agreement is
soon lost. However, as argued by Luc-Koenig and Bachelier, these
regions would correspond to a regime where the resonances are no
longer very well defined. The difficulties in performing a numerical
calculation as well as a more detailed discussion of the reasons for the
disagreement between numerical results from different groups can be

found in the original paper of Luc-Koenig and Bachelier26,

In spite the above mentioned undesired features, the resonance para-
meters as calculated by Damburg and Kolosov and by Luc-Koenig are

usually regarded in the literature as the "exact" resonance parameters.

In the next chapter we describe a semiclassical alternative to numeri-
cal approaches. Since Damburg und Kolosov reported more extensive
results we will compare our numerical results with theirs which, for

simplicity, we shall refer to as "exact" results.

_‘|2_

Chapter Il First-order semiclassical approach to the Stark effect

I1-0 Introduction

As mentioned before, in the present chapter a full first-order semi-
classical (WKB) treatment of the Stark problem for hydrogenlike atoms
is presented. We begin by discussing the application of the usual WKB
quantization rules to radial equations. This forces us to consider the
so-called Langer transformation in detail. Then, we consider
semiclassical quantization in the usual sense, assuming effects on the
electron due to the well near the core and due to the barrier to be
uncorrelated. This approach gives good results for the real part of
the complex eigenvalues but very poor ones for the imaginary part
(corresponding to the width of the levels). To improve this, a
general semiclassical formalism to treat scattering problems in fields
such that V(r)»>-« for ro» is developed. We conclude the chapter by
applying the general scattering formalism to the Stark problem. The

scattering treatment gives the desired good complex eigenvalues.

11-1 The Langer transformation

It is well known that when applying the WKB approximation to radial
equations (such as Eqgs. |-6a, 6¢c for instance) some care is needed.
As pointed out by Langer27/28 the quantization condition for one-
dimensional problems is derived under the assumption that the eigen-
functions [say u(x)] go to zero as one approaches *=. For a radial
equation, on the other hand, the solutions [say ¥(r)] approach zero
for rso and r»®. Therefore, if one wants to apply the one-dimensional
WKB quantization rule, derived for -» < x < », to a radial problem,
defined in o £ r < », one should map the semi-infinte into an infinite
interval. To this end Langer used the mapping function x = &n r [to-
gether with the replacement Y(r) = ex/2 u(x)]. The effect of the mapp-
ing is to introduce corrections AV in the potential. In this way one
easily obtains the celebrated correction 2(2+1)/r2 » 2(2+1)/r2 + 1/4r2 =
(2"%)2#2 for the hydrogen atom. However, it is clear that the choice

of the mapping function is arbitrary. Unfortunately, as shown by
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Adams and Miller2®, different choices of mapping function produce
different corrections AV. This means that by properly choosing the
mapping one could, in principle, introduce any desired "correction"
AV to the potential. One way out of the dilemma is the Adams-Miller

conjecture: the mapping function, and therefore the correction AV,
should be chosen such that the correct quantum mechanical result is
obtained if the potential V is set to zero. For the semi-infinite inter-

val this criterion selects the Langer transformation x = 2n r uniquely.

By Langer-transforming our basic system of equations, namely I|-6a,

6b and 6c, we obtain

)

E
=

7?”' H 4; 2
S A . " E
+(~; it ) z 2

z”zz:z.

Note that the main effect of the Langer transformation was to replace
the m2-1 by a m2 term. However, this replacement is of vital import-
ance in order not to violate the WKB approximation2®. As already
mentioned in section |-4, this critical step was not always carefully

taken into account in some of the earlier WKB calculations.

1-2 Usual semiclassical quantization

As mentioned before, previous semiclassical studies of the Stark effect
treated the problem as a quantization in the well near the ionic core
plus a tunneling through the barrier. Furthermore, the quantization
rules were usually expanded in a power series involving the centri-
fugal (m2) contribution or had this contribution completely neglected.
In the present section we explicitly avoid this last approximation and

obtain complete quantization rules in the sense that they contain all

I1-1a

[H=-1b

I-1c

the m2 contributions neglected in previous works.
section we treat the problem avoiding both aforementioned approxima-

- 14 -

In the following

tions.

The basic set of equations, describing the Stark problem and suitable

to WKB calculations, is given by Il-1a, 1b and 1c. The first two are

Schrédinger equations for motion in the central potentials

v F
V} Z’ 51 Lo —? 11-2

Z I
S

while |l-1¢c is the constraint on the separation constants Z‘I and 22

V,[ =

which couples the system. A schematic view of the potentials is given
The negative parts of the £ and n axes have no physi-

as will soon be clear, help the mathematical formula-

in Figure I1-1.
cal meaning but,

tion very much.

(a) (b)
Fig. 11-1 Potential for the £ and n motions as defined in Egs. I1-2 (a)
and 11-3 (b). In this figure T = m2. The £ motion is always

confined. The n motion is more complicated: the electron may

leak through the potential barrier (when E/2 £ V ) or be

autoionizing (when E/2 > V ).
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As shown in the figure, the motion along the £ coordinate, for any
field strength, is always confined. The particle is classically bounded
to oscillate between the turning points o £ b < a. The motion in the
n coordinate is much more complicated and is the source of all diffi-
culties in studying the Stark effect. For physically meaningful ener-
gies lower than Vo’ the classical motion near the core is bounded
between o £ a < b while quantum mechanically the electron may leak
through the barrier. In the present section, while quantizing, we
neglect the possibility of tunneling. The quantization is then per-

formed in the standard way:

= 1 _

U

where
Iy = f VE-Y

2 26 42, _ m*1
PJ S +EStF"F3 015
V"f 25 + By m 11-5
tFiF

m* (—1)

=-'[[ e e
T —
#dsg
j VAT 5t 4z M o 1-62
51 5 [1-6b
L V@3)(3-8)(3-c)

4)
Ls

—
—
—

was introduced. The turning points are the non-negative roots of the

cubic

s 98 =

._g ZE 7‘4. 4_';‘i!§_'_“} (a—g)(?_b)('g_(_) =0 -7

and, as shown in Fig. Il-1, are ordered as c < o £ b < a. From [I-7

it is trivial to see that

-Z—IFE-: = a+b+c,
11-8
# (421)/F = ab + ac + bc,
2
- mT:__ = abc.

Equation |1-5 can be very much simplified if one uses the identity

dVe
“VE 1 [ A
-J{; 2% 4 ‘2&1/: 795 e

which is obtained after a trivial integration by parts. From this identity

it follows that

NF 1 2-2 ()
= — T 2 7 I 11-10
Ly=7 |2 5 FES3OF 3.
Now, combining I1-5, 8 and 10 it is easy to eliminate Ig(z) and obtain

—% :%[%ﬁéi;)—%(“b'*acﬁgfg) + abc I;”J] 1-11

The utility of eliminating Igz) [i.e. of expressing it as a function
of Igl), Iéo) and 21)] will be transparent to anyone that expli-
citely evaluates 22) without using the identity 1-9: it takes about
half a page to write it down explicitely [plus the boring effort to

derive it!].

The integrals Ig(j) can be analytically evaluated:
1,0 = FT ()
(%k),

~(9)
N = %lk(k))
Iy = g [e ki) + @-0 E(0 ]

=12
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where 92 = 4/(a-c), k2 = -g;_% and [E) //( and W are standard n-motion in 11-14 and 15) by N, (the location of the peak of the
complete elliptic integrals of the first, second and third kinds, respec- barrier; see figure |1-1b), then a good approximation could be
tively. obtained for the position of the classically autoionizing lines. In some

sense this is not surprising since the "classical well" continues to be
For states below the autoionizing limit (V, £ E/2 in figure 11-1b) the responsible for the amplitude of the eigenfunctions near the ionic core,
analytical expression for the n quantization can easily be obtained. i.e. the origin. In this case the two turning points become complex
With the n-roots o < a < b < ¢ obtained now from the equation conjugate numbers and the quantization reads

- i [+ d e
7 ¥ l? z -:—/7“4)(5-’2)(6—7) =4 11-13 IQ = '{L #1/7‘7—&)[01—54) +4,]

-

the quantization reads : 1-16
1, = (n+2)T = (m+3)m.
Although this integral can still be evaluated in terms of (now incom-
V' [[ atbee 20 _ o) 1) ° o : i o |
= = — s 17 ( ,»-ac+bc> + a‘ISC I 11-14 plete) elliptic integrals of the three kinds, the final expression is so
& 7 J complicated that numerical integration is more convenient.
where the integrals f(j) are defined by
Ja/ In connection with the semiclassical quantization of the Stark problem
j ? '7 11-15 it is interesting to point out that very compact expressions for IE and
(7"&)(’-’7'?) (C ln may be obtained by using Appell's double hypergeometric series F‘l’
: 30
The particular values j = -1,0 and 1 needed in Eq. I1-14 can be ob- namely
tained directly from [1-12 by replacing & by n. This symmetry owes y ’T-ot-f l.s fs
much to the equivalence of Vg and Vn under the replacements Z‘l — 22 F.jr["(f/}; P)"J/)')(,yj = r[ r /t (4 (4 Xf) (4 Y?f‘) 5&
ok
and F <> -F. Note, however, that although the analytical expressions ) (T )
for these integrals are identical, the numerical values of a, b and c -
: - . @ o w3 i
are different for the £ an n quantizations as clearly defined by Egs. - Z Z (°‘ Lt] F‘J Pj X \jj
11-7 and 11-13. - [l )
: j- (,a, L+J) /‘ . J‘
It is interesting to stress the highly symmetrical form of the two where (a,n) = I'(a+n)/T'(a). Using £ = a-(a-b)t it follows that
quantization rules as provided by the WKB approximation. Further- 2 2
more, observe that the quantization has been reduced to the evalua- I% = — a-b) ]/ F(a c E (% ) 4, ~z 3 X k) H=1d

tion of two families of integrals, namely IE'(J) and | (J). These in turn
! where a2 = (a-b)/a and k2 = (a-b)/(a-c) as before. A similar result

may be reduced to standard elliptic integrals which can be easily
can be easily obtained for ln. However, although more compact, the

evaluated even on programmable pocket calculators.
numerical evaluation of Appell's series F1 involves a doubly infinite

sum of products of transcendental functions. For restricted ranges of

For energies above the autoionizing limit, i.e. for E/2 > Vo’ the
@2 and k2 summation of this series should work well since the coeffi-

extension of the semiclassical calculation is not trivial. However, we

observed that if one replaced b (the upper limit of integration of the cients satisfy rather simple recurrence relations. For other ranges one

can use the series obtained by analytic continuation of Fi (ses
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Olsson3!). However, the use of elliptic integrals seems to be prefer-

able since it is not at all sensitive to the magnitude of a2 and k2.

To conclude this section we present a brief comparison between the
numerical results as obtained from the formulas derived in this chapter
and the ones from exact numerical calculations and from perturbation
theory. In Figure |I1-2 we present the field dependence of the energy
=4, and m = 0 for which

for the particular quantum state n, = 0, n

1 2
accurate numerical calculations were reported by Damburg and

Kolosovzs. The dashed lines are their results: the line in the middle
gives the center of the resonance, while the other two give the
corresponding width. The dashed curves are based on the numbers
given in Table Il of r'eft:zr'enc:e25 which were interpolated by a cubic
polynomial. The crosses represent results obtained from the fourth-
order perturbation equationls. The solid line shows our WKB re-
sults. The arrow indicates the threshold field FcJ above which the
state is autoionizing. As is easy to see, the WKB approximation

gives resonable results even well above the top of the barrier where

the spectral lines are, in fact, broad bands.
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-0030

-0.035

ENERGY (a.u.)

-0.040

T
+

F, = 21563

-0.045 1 1 J. 3l 1 1 1 1
10 20 30 40 50

10 FIELD (a.u.)

Fig. 11-2 Evolution of thuem1 =0, n, = 4, and m = 0 level for in-
creasing field strength. For fields larger than Fo = 21.563
X 10-5 a.u. the state is autoionizing. The central dashed
line gives the numerical results of Damburg and KolosovZ25.
The outermost dashed lines show the broadening (width) of
the level. The solid line shows the present WKB results,
while crosses are the values predicted by fourth-order per-

turbative calculations.
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Fig. 11-3 Same as in Fig. |I-2 but for the ground state

(n,I =Ry ST 0). Here Fo = 0.16875 a.u..

Although we know that the ground state is not the best place to test
WKB calculations, we present in Figure |I-3 a comparison similar to
the one in Fig. |1-2. It is motivated by the fact that the ground state
has been extensively studied by several workers, and that results at
several different field wvalues are available for it. In this figure we
present in more detail the region near Fo where the WKB result may
be expected to be less reliable, since the two turning points a and b
(in Eq. 11-14) are very close to each other. The agreement found well
above Fo is striking. This supports the approximation introduced in
Eq. I1-16.

From the comparison above it is clear that the equations derived in
this section provide reliable results for the real part of the Stark
resonances. The next step is to use these energies to obtain the
width of the resonances. Using the standard WKB formulas, involving
a simple exponential tunneling, the widths for Rydberg states turn
out to be about one order of magnitude too small. To improve this
one has to consider the full three turning=-point scattering problem
instead of the simple approach used in this section. In the next
section we develop such a general formalism and in the following

section we apply it to the Stark problem.
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-3 General scattering approach

We now wish to consider the scattering problem, defined on the half-

line 0 £ r < ®», in a potential of the type represented in Figure [1-4.

For E/2 < Vo this potential has three classical turning points, i.e.
there are two classicaly allowed regions separated by a potential
barrier. The semiclassical treatment of three-turning-point problems
for potentials which go to zero at infinity is well-known32. Here we
want to discuss a more complicated case, namely one in which

lim Vv(r) = -r.
P>

A
V(r)

o m
o<
I
!
|
|
I
I
|
|
/
/
I/
!
&

Fig. 11-4 Schematic representation of the divergent potential V(r).
For convenience we call region Il the range a £ r £ b
and region | the range r 2 c. The turning point c,

is obtained from Eq. 11-32.

This means that our problem is not bounded from below and diverges
as -r at infinity, as schematically shown in Fig. lI-4. With no loss
of generality we will think of V(r) as being given by the potential in

Eg. 11-3 and, for convenience, will replace the symbol n by r.
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As typical in scattering studies, the problem consists in obtaining an
expression for the phase shift from which one is able to learn all the
scattering information. The phase shift is obtained from a comparison
very far from the scattering center between the eigenfunction des-
cribing the physical problem with that of a free wave. In the present
problem a free wave is not given by the usual sin(kr) eigenfunction
since the -r background term in the potential is always present. In-

stead, the asymptotic free eigenfunction is given by the Airy function

Jim 11[/I(£~) = Aim i (-2)

!

11-18

2—-709 2w
o /2 3% T
e Ain ( s +5
< 3 s L
corresponding to the exact scattering solution in a potential V(r) = -r.

The relationship between r and z depends on the specific form of the

potential and will be given below.

The requirement that the eigenfunction be exponentially decaying for

r << a yields the usual WKB solution in region II:

\
T () = Ain (J;lk(r’)o{r’ + g

V K(r)

- N Aln (J:.k[r’)dff—f—lf)-f- %)

k(r)

N .;J Tk(r’)dr' i J rk(r’)df'
| Ae* + Be
V&) >

where

E E ?; mt ~ !
/<[r)=\/5_'\/(r) =37 ~n +Zr

y

H~18

11-20
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5 From Eqgs. 11-22 and 24, and defining R2 = 1+e-2e, it follows that
l{’ = Ivl = J kee) dr 11-21
& C = ]:RA —LBI
f o) oA -ipemy) [ PrEE) )
Azs— € = = — = PR 4':(
2i , B=hi=g @ ; - je [R + ¢ -
O, i -ip 7 i
=t [ref L]
and where N is a normalization constant. Now, if we write the eigen- . Li~27
functions to the left and to the right of the barrier
fY nf* e f}ci;| = 1% [Re1) s + L (R-4) ““*le
i} kirde ~1), kO)Arx .S .
[k(l'")t E(T) Ae b - BQ b 5 _ 1— e [D{ e»w..rl e_t'ﬂ/q'
2 >
T u
J K(T')t’h‘i *L( k() Ar! H-23 where a2 = R2 + 1 + 2R(2cos2y-1) and

.
[<el” ¥elD = Ce + De ) s _ ReA Aing

& R+4 (o5

I

W (8) j;au; , 11-28

respectively, then the connection formula relating the constants A and

: s [ 20 |
B to C and D is given by 33 N(G) _ R-A - N+ ¢ "4_ 11-29
R+4 Af 4428
= . +
C 147 -L A V1+e"® 44
0 .
= I Now, it is not difficult to see that
. 76 ¥ 11-24
A 1+¢ , o 1
D ! 7\ B, D=cC*=3 ¢? 710 I 11-30
whiere 6 is fhe tunneiing integrsl defingd by From Eqgs. 11-23, 27 and 30 one sees that the eigenfunction in region |
i€ : -
: is given by
& = J V(r)—— dr G TP RR AR (kfr)a\t
= — -+ A oL 11-31
. a— ‘ 11-25 . 2\ k(m
M
= l( “"?} + =y T 3 r— E dl’
b A i Z ' Ne ¢
Equation 11-24 is also wvalid if the energy is above the top of barrier. i\( k(r)' AtV\ L

In this case the turning points are complex conjugate numbers. The

To finally obtain the phase shift we now study the argument of the
branches for the integral 11-25 are chosén such that 6>0 for energies

trigonometric function in 11-31 very far from the scattering center i.e.
below the top of the barrier and 6<0 for energies above it.
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at infinity. The background "momentum" is given by

_ lim _,E  F 1/2
k,(r) = e K(r) = (é ® g r)

The corresponding turning point is given by ko(co) = 0,

11-32

-2E/F. From Figure |l-4 it is clear that c < Cy- The integral in 11-31

can be rewritten as

T &d ® @ oy}
j;k+f7k..fk fck,fk

I

r T
e fu e L
_ f: . [:ka . ﬁm("""” ~ [Tb-n)

11-33

where k(r) is defined in Eq. 11-20 and ko(r) in 11-32. It is not diffi-

cult to find that
3/2

Y 3 T _
Lk,,(w)drf;}%(g+£rjz/%= ;:: §+451) ‘
Since

Nim jw[k—k,) | = 0o

Y— P

the eigenfunction 11-31, at infinity, can be written as

q’(l(r) [r—(z ) +’T‘S_K)

where the phase shift § is given by [compare with [1-18]

5‘ = ga . 5-“t‘

azcty {wie) 259}

S, = [keyde + [ [k k(] dr
¢ &

@ o0
[/([f‘)dr‘ _.f éa(‘y\) dr_
%

£
1

11-34

[1=35

11-36

1-37

11-38

11-39
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Note that although each of the integrals in [1-39 is infinite, their
difference is finite and easy to evaluate [we actually did this nume-
rically, using Simpson's rule]. The above formula for the phase shift
contains all the physically relevant information regarding the scattering
process. The phase shift is given by two terms, whose generic varia-

tions with energy are schematically indicated in Fig. 11-5.

54 5

[T o — = P B s e = e

Fig. 11-5 Schematic representation of §, and b‘r_ as functions of the

energy.

The first term 60 is the usual semiclassical phase shift, obtained by
simply ignoring the inner region. The second term 6r_ , the resonant
part, is the modification produced by the ionic core and the barrier.
For most values of the energy the w(8) factor [see figure [1-6, below]
ensures that Gr is almost an integral multiple of n. Therefore the scat-
tering eigenfunction, which depends on sm(2 3/2 + :—: + 6r‘ + 60)
and not on the absolute value of Gr , is not affected by the inner
region. It is clear that resonances of tg Gr‘ occur when E passes
through one of the energy levels En of the well. If the usual Breit-

Wigner parametrization of the resonant phase shift

la

7R) () 11-40
% r 2(€-E,)
for E near En is used, then the condition for resonance is
1
Y(EL) (”‘*z)w 11-41
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with the width of the resonance being given by
2 ()
(2%4¢) £

To conclude, integral 6, as defined in
I1-25, and study the behaviour of the function w(8), defined by

11-29. The tunneling integral can be evaluated in the same way as 'g

we evaluate the tunneling

[section I1-2]. The final result is

E  (2) (~1)
8 = ?ﬁ@c Qm— L2abractbe) B + abc B (
3 3

—

with

67 = gy, 87 = EI(E K,

0% = glakle) -0 £

P

where now g2 = 4/(c-a) and k2 = (c-b)/(c-a). Of course, the roots
a, b and c are the same as defined in Eq. I1-13. One of the particu-
"exponential

larities of the scattering treatment is that the usual

decay!, given by e—28’ is replaced by a more complicated function of
e-29’ namely by w(0) [see Eq. 11-29].
below the top of the barrier w(6) = e-28/4. These two functions are
compared [1-6. integral 6
energies below the top of the barrier, which
Note that the top [68 = 0] is the region were w(6) and

In the limit of energies well

in Figure The tunneling is positive for

is caracterized by
having 6=0.
e-26/4 are most different. 05

11-42

11-43

Fig. 11-6
The functions w(8) 0.4

and 0.25 29,
0.3

0.2

0.1

-1.0
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I1-4 Application to the Stark effect

In section I1-2 we studied the Stark effect ignoring the' effects of the
outer region in the quantization of the motion along the n coordinate.
As already mentioned, this approximation produces good results for
the position of the lines but very poor ones for the widths. We now
want to treat the problem in a more rigorous semiclassical approximation,
namely we want to apply the scattering formalism developed in the
previous section to the electronic motion along the n coordinate. To
this end the quantization as given by Eq. 11-14 is replaced by the

study of the phase shift

v
g = 9, + Sr i 11-37
Y. = oy {w{'e) i’;?l' }
r 7 7 , 1-38
P -lo &
5y < | kmdy +f @[:)ﬁko(r)]a’r)

e . ¢, 11-39
where all symbols were defined in the previous two sections. In
particular, note that 50 = "’l' Iﬂ being defined in 11-14. Figure 11-7
shows a plot of 6 versus E, for fixed F,m andian,l. For comparison we
also plot n, = In/n-‘l/z, [which corresponds to the simplified quantiza-
tion discussed in section 11-2]. It is easy to see that the phase &
jumps by 1t every time that the energy is such that 6/nt = 2n2 + 1 + m/2.
The corresponding width of the resonances is given by Eq. I1-42,
namely

[ = 2 s (%) , 11-42
It is not difficult to see that
2 1 (1’ T'M) 6}22_ I(“)
= — by LA .1L — 1=
2 2 Y e 1/, ®
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7 ' I . T . Since at resonance alg/aE = 0, it follows that
“)
5L %_ Wz, I2 Iz o6
e — — — : ————— -
2E 2E 21‘(") /
E In 1 and, therefore,
R 7] (o)
UJ (4]
W 3L | 4ue) VF' I _
<[ rl e 11-47
T ‘__._——-—J I(o) ) “) _
o 2f | 2 I;? + Iz 1
| > 77
1F nz:] | Table 11-1 Comparison of present WKB results with exact numerical
1 1 ! 1 1 calculations of Damburg and Kolosov35. Ratio means
-0.16 -0.12 -0.08 -0.04 exact/WKB. The principal quantum number is given by
ENERGY [a.u.] n=n;+n,+m+ 1. lonization rate is defined as -2 Im(E).
6
8 r T Y Here 1.54+6 means 1.54 x 10".
- F =0.001q.u.
6+ nNy=m= 0
n ny Ny m Field -Energy lonization Energy Ionization
o (kV/cm) (crn-‘) rate (5-1) ratio rate ratio
E 4t
w =
wn 12 6 3 2 30 716.60 1.54 + 6 1.0000 1.01
< 2 33 715.06 1.21 + 8 1.0000 1.01
T = 35 714,47 1.25 + 9 1.0000 1.00
o I 37 714.30 8.82 + 9 1.0000 0.99
12 7 2 2 © 33 662,15 8.22 + 6 0.9994 1.10
OF o= 35 657.99  1.03 + 8 1.0000 1.01
37 654.13 8.91 + 8 1.0000 1.01
— 40 649.01 1.24 + 10 1.0002 0.99
-2 L | | 1 L 12 8 1 2 35 601.42 4.55 + 6 1.0003 1.03
-0.6 -0.4 -0.2 0 37 593.94 4.74 + 7 1.0001 1.03
. " : 40 583. 16 8.88 + 8 1.0001 1.02
ENERGY [a.ul 43 573.20 9,30 + 9 1.0004 1.00
13 28 2 19 761.98 6.15 + 6 1.0000 1.00
20 769.26 8.61 +.7 1.0000 1.00
. 22 784 .56 5.66 + 9 1.0000 0.99
Fig. 11-7 25 810.17  2.69 + 11 1.0001 0.92
This figure shows the semiclassical solution of the Stark effect 13 37 2 19 729.38 9.08 + 5 1.0000 1.00
: ; . s ; 20 735.47 1.45 + 7 1.0000 1.00
[defined by Eq. I11-1] in two different approximations: (a) n, = 22 747.08 1.27 + 9 1.0000 1.00
25 766.57 1.07 + 11 1.0000 0.93
| /m - 1/2, from Eq. Il1-4, and (b) &/n, from Eq. I1-37. A solu-
n ) ) ) 13 4 6 2 20 701.58 1.97 + 6 0.9997 1.03
tion E = E_ - i I'/2 is obtained every time (a) n, = 0, 1, 2, ... 22 709.52 2.27 + 8 0.9998 1.02
. r 2 25 723.14 3.20 + 10 0.9999 0.97
or, in the other approximation, (b) whenever § = (2n2 + 1 + m/2)m. 27 733.81 2.45 + 1 1.0001 0.91
The upper rti i ; W 011 2 13.5 707.03 6.34 + 6 1.0000 1.00
pp part is an enlarged view of the region close to the 54 A 378 + 7 1 0000 + 00
Ty . : : 2 15 726.10 1.45 + 9 1.0000 1.00
a . = 7
utoionization threshold Solutions corresponding to ny 1 and 16 739 47 2°01 + 10 170000 0.96
n, = 2 are indicated by dashed wvertical lines. The effect of verti- 1 #hdsad 133 = 1] 150000 L
: , ” . ¢ u 14 110 2 14 688.08 1.01 + 7 1.0004 1.00
cal jumps in 6 is due to the scale being used. The curve is in 15 698 . 36 368 + 8 170000 1,00
16 710.31 6.42 + 9 1.0000 0.98
fact smooth. 7 722.28  5.58 + 10 1.0000 0.94
18 734.92 2.49 + 11 1.0000 0.92
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It is interesting to observe that this expression is given in terms of
the same phase integrals of the simple quantization discussed in section

I1-2. Therefore, numerical evaluation of T just requires determination

of 8 [Eq. 11-43] since all Ig) and Ir(]J) are automatically obtained during

calculation of the eigenvalue E. For energies well below the autoioniza-
tion limit [when w(8) z e—28/4], Eq. 11-47 reduces to the approxima-
tion obtained by Rice and Good%. In this same energy range, by
further doing the crude approximation 822/8E = 0, we obtain T =
SFBS, where rBS refers to the width as obtained from Eq. 54.6 of
Bethe and Salpeter!?. This give some hint of why the results from
the simple WKB-formula for the width are usually found to be about

one order of magnitude too small.

In table I1-1 we compare our WKB results with exact numerical work
of Damburg and Kolosov3®. As mentioned by them, certain sublevels
in this table cannot be correctly described by perturbation theory.
As seen from our table, the WKB resonance parameters, obtained from
a full three-turning-point treatment, are excellent approximations to

the exact numerical parameters.

= BP! rm

Chapter Il High-order contributions in semiclassical calculations.
Sinaprer 10

I11-0 Introduction

From a theoretical point of view it might be somewhat surprising that,
although the standard perturbative Stark energy series is known to
be divergent, so much work is still being done to evaluate it as well
as to resum it. In this particular point [the effect of high-order con-
tributions], the effort spent in semiclassical and perturbative approa-
ches differs very much: the investigation of the effect of high-order

semiclassical contributions is practically non-existing.

As we divided it, there are basically two levels of approximation to
the semiclassical treatment of the Stark effect: (i) the simpler quan-
tization, described in section 11-2, and (ii) the scattering approach,
described in section I|l1-4. In the present chapter we want to study
the effect of high-order contributions in the simpler quantization. It
is clear that this will be also part of the more complicated scattering
approach although this problem is not touched here. A very interest-
ing open question is the convergency of high-order semiclassical con-
tributions. In the present chapter we investigate Stark states with m
= o [states with m # o are discussed in the next chapter]. In addi-
tion, we will show that Hadaward's concept of an improper integral
may be conveniently applied to simplify the evaluation of high-order
pseudo-singular WKB integrals. As far as we know, the application of
Hadamard's finite part concept of an integral to evaluate high-order
semiclassical corrections is original and constitutes an alternative me-

thod of treating such increasingly complicated integrals.

11=1 High-order contributions

For convenience we now briefly sketch the derivation of the well
known high-order contributions to the semiclassical eigenfunction. For
further details and references we refer the reader to a recent review

by N. Fr‘ﬁmanae, which we follow here.



Consider the Schrédinger equation

VS0t =

where we define

(=]

2W1 = %ﬁf?
@ (x) = [E V(")j = 4 ‘ -2
The semiclassical Ansatz assumes the eigenfunction to be given by
+ 9(x)
g t
Y = Ae A - conslant 11-3
2
where
@ k _
S(x) = Z ‘h sk ()‘)
K=0
A
= S, + hs + h S, + ) 114
o) 2 ..
Replacing 111-3 in 111-1 one obtains a non-linear differential equation for

S(x), namely
' 2
itk S" - (5') o+ ? =g . 11-5

From this equation, using 1I1-4 to construct S", S' and (S’)2, and

equating powers of ‘h of the same degree it is easy to obtain

PRy
-(Sa) -+ ‘T' =@ , I11-6a
. [N
(5 —25%5%5 =o, 111-6b
_(5;)1_ 25‘: {2' =0, e . 11-6c

Hence

&ﬁ
|

i—f/‘m c;zx) I11-7a

S = —"—;—[J,-L[gm (‘E‘-V(x)):[) 111-7b
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5 =.+_.-[ ( ﬁ) _4.}_9,_"' Ax 11-7c

- 32 E}"?z gr% ?

55 ( i _(i_)) ,el'E 11-7d

163* €497

It turns out that the terms Sk of even order k appear with the double sign
+, whereas no sign ambiguity occurs for the terms Sk of odd order k. Thus
one obtains two formal solutions of the differential equation corresponding

to the plus and minus signs. It also turns out that every function Sk with
odd index k can be written as the derivative with respect to x of an ex-
pression containing only functions S, with even indices. By truncating this
series at different terms one obtains WKB approximations of different orders.
Formulas up to the sixth-order have been recently reported by Kesarwani
and Varshni3?. Looking at their results it is not difficult to convince one-
self that high-order WKB approximations are rather complicated. The WKB

eigenfunction can then be written

f bl )

Al

11-8

As seen from this equation, the second-order term to the semiclassical

quantization is given by

fi j _[ 5_/1 3/1}5?% 111-9a
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This

integrable singularities at the turning points.

integral, as well as all other high-order corrections, has non-
The standard analytical
way to treat it3® s to write these expressions as a parametric deriva-

tive with respect to the energy. For example
I
% (x) d:

/ﬁ'l_ /7- Kz
) 24 BE l( E-Y(x)

the quantization rule is then written as

I11-9b
In general,

4 -
(rz+2)rr = I +L +L; + I, 4+ ... 11-10

The expressions for | . are very complicated and, as mentioned

30 g0

before, can be obtained from the literature3?. It is interesting to observe

that the same integrals | . can be used to obtain high-order correct-

2!
ions to the phase shift discussed in section I1-3.

I11-2 Some applications

If instead of starting our semiclassical treatment by studying the quanti-

zation integral [1-5, namely

a
[ AE L2 _wmr E)
I’}“jé/12+§ 3T F5 %,

had we first chosen to change variable according to £ = u2, then the

=11

quantization integral would have been given by

A : 1
I = /.,; Epz_ M~ _ Fyut 11-12
2 Z{T’l i+ 5 Rl du .

This equation shows perhaps more clearly that we are dealing with an
eigenvalue problem for the separation constant 21‘ It also shows that
the Stark problem can be represented by a perturbed harmonic oscilla-
tor. This fact is closely connected with the possibility of separating the
Stark Hamiltonian in the so-called "squared" parabolic coordinates3®.
Therefore we will now discuss some applications of high-order quanti-

zation to the particular polynomial terms which appear in [11-12.

It is a trivial and cumbersome job to show that the second-order WKB
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term I11-9a, 9b can be rewritten in the following identical forms:

( /LT _ l (V,)L
75 4] (g%

[
1% v Ay
= e 7N
32 4, (e-v)72

R 4 fk?l—ﬁ _ 4_VHV/”

3(’”%]1 v dx

1 1})(2 R eae) 25V (vy”
e, [ b ot w')*

The symbol § means that the integral is interpreted as Hadamard's
The possibility of writing 12 in so many
As mentioned be-

" * 3y
_ 1(9;1()V£)](E“"V)/0{)C .

finite part (see Appendix).
different forms helps very much in its evaluation.
the usual approach to evaluate high-order integrals is to use
the parametric derivative form given by I11-13d. However, we want to
I11-13e, by avoiding the need for parametric
differentiation, may be more convenient. The form 13-e is especially

suited for computer programs able to do algebraic manipulations. It is
gtordl, of

fore,

make the point that

also convenient for use with standard quadrature formula

course all high-order WKB integrals may be written in terms of the

I11-13a

I11-13b

[11-13c

111-13d

111-13e

1H1-13f

111-13g
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finite part concept.

We now use the interaction V(x) = x4 to show how the identity

2e_V' (027 2
el e = {5 -6

indeed holds. As in 11-9, identities between integrals involving the
potential V(x) are extremely useful to show symmetries of the semi-
classical solution of the relevant physical problem. Taking x = E"/4 Y,
Eg. 111-14 may be rewritten as
3, 1
?{425"‘*f1 WY} 55'4% il
— — — o
L - 2z

E L, Va-y4 Ly VT rey? 11-15

Therefore

4.. y__zdL — fJ Ay , 111-16
0 ,‘Jf—yql' £ yz‘lj/,f_y'qv

In general the parametric derivative is not so simple to evaluate since
the energy does not always exactly factor. The identity of I11-16 is
easy to verify:
Y K
[ y 7y ug nt du
—_— = nn
¢ |M—y4 'V—Z-' o

4[ — V2 /2 ,

= = ZE[—) - //((-) 11-17
7z 2

Vz' p

where cnu is the cosine amplitude jacobian elliptic functiont2. The

finite part can be evaluated in a similar way

t 4 k
'jé zlr—’—"y - -4 7& N duw 111-18a
o T V1-y4 V2’ A

1 Kk
G fﬂ - 2[F(w) = 2duu :tnu}%o )

where, as before,” ncu, dnu and tnu are jacobian elliptic functions.

= G8 =

Considering only the finite part it follows that

Ay AT (E) Z () ;
,tﬁ——-/’_:ﬁ‘— 73 /k(?,) E ,,./,]) 111-18b

and, therefore, Eq. 111-16 is verified. It is straighforward and tedious
to verify that the same results are obtained from any of Egs. IlI-13a-g.
For the particular modulus of the elliptic integrals in 111-17-18 it is

possible to show, using properties of hypergeometric functions that,

——
—

- (g v’ ]
'_.@ -—-//( [_f ‘ — 11-19

where T'(x) is the gamma function. Noting that R = I'(1/4) / T'(3/4) =
{F(1/4)}2 / (mf2), it is easy to see that the above results perfectly
agree with the large order WKB analysis of Bender et al.%3). It turns
out that all high-order corrections are given by simple functions of
R, i.e. of the constant defined in I11-19. For applications, it is inter-

esting to know that Bender et al.*3 determined R to 26 significant

digits.

We now consider quartic oscillators with quadratic perturbations, as
is the case for the m=0 Stark problem defined by Eq. I|l11-12. Before

proceeding, a very useful remark concerning the Hamiltonian

1 52 1 o T )
H(A-‘,B):: Ef-" + Ax + B x 5 B>c¢c 111-20

is in order. Through the trivial rescaling x » sx (p » p/s) it follows
that H(A,B) and g = H(54A, sGB) are equivalent and therefore have

the same eigenvalues. Hence
4,
E(4,8) = BZE(c,1),
-2
C = B BA,

and, therefore, the problem reduces to the study of the spectrum of

11-21

Hlc,1) = 2p" + Cx* 4 X¥,

which contain only one free parameter, namely C.
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Introducing the abbreviations

V= o crrqae’ = 1-2kF ,

111-22;
L
k= 2[4—)[) 11-22
e Bl ) . Lif,
2 = k(1 k,)—‘F[i—y)) 111-22¢
ZM /L 2
/‘3 = ) {4E—r * } 111-22¢
one can show, after an extremely tedious calculation, that the first
five high-order contributions to the quantization rule [see section [11-1]
1
@Hi)n’ = I1 + I, £ Iy + ... 11-23
are given by
£ {227’——y&f’ 111-24a
L= £ {-4y7- /1“’)‘9}
2 3/5 y £y 111-24b
I, = { ( & _ 566t + 28672 2) P
1
3-8 )y ]
I11-24¢c
Iq = 2 {/ﬂf* 3L 3B M8 ooigos , gos30322)y P
sspr Ll 2% 420 ga "R s BRELS
248 186F 10189 M35 1462 B e
25 T st 753 265L+ 1610-7‘52.-9426464%)Q}
J

[I——
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?293 32‘5¢i1 g359¢

_ 55079 _ P
642 22 2

1624

3
[ =2 { ( 1524, 5893
5 s P’f FORRET

2
— 149219040 + 21287405522 BN TAN92TE 2 ) P

3048 633? + 16169 . 316095 3?295 _ 158244
2t T 6 T a T Tmat 42 27

L, TE9ET48 45109992 + 3”‘7‘309%4“) Y& }
i. 2

where
= [K(E)
7
)~ (-
4 = [E(E) — (1-FD)K(E) |
As it is obvious from the above equations, the evaluation of
I1+Iz+t3+l4+ls amounts basically to the evaluation of P and Q, i.e. of

, since the remaining opera-

the complete elliptic integrals and d
For C = 0 one finds k=~ = 1/2

tions in Egs. ll1-24a-e are all trivial.
above reduce to known results$3, which we had pre-
[11-26 and 111-194].

Lakshmanan,

and all the Ij

14 i
viously mentioned [compare Recently using

Karlsson and

what they call phase-integral method,

Fréman derived for C # 0 guantization integrals, up to the 4th order,

which agree with ours [lI-24a-d. It is important to realize that the

quantization equation 111-23 remains valid as long as E >0 [i.e. as

long as the problem remains a two-turning-point problem]. Therefore,

the parameter C may be negative. The lower limit of C depends on

the quantum state being investigated as well as on the order of the
The fact

quantization being used. This is illustrated in Figure Il1-1.

111-24e

[11-25

111-26



that C may be negative has not been appreciated in the literature
ref. 44 and references therein].

(5]

[see
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Fig. 111-1 The three lowest eigenvalues of V(x) = Cx2 + x4 as a func-

tion of C. The semiclassical solution is valid for C < 0 as

long as En > 0. Here units are such that 2m = k2.

One striking feature in Figure I1I-1 is the behaviour of the fifth-
order WKB approximation to the ground state eigenvalue in the region
0 < C < 1. We have no explanation for this behaviour. [We do not be-
lieve our IJ. to be incorrect. For the particular case C = 0 Bender et
al.*3 derived formulas up to the seventh-order and our five equations
perfectly reduce to theirs. For C # 0, the same behaviour (with less
intensity) is already present in the third- and fourth-order approxima-

tions. Lakshmanan et al.*%, in their fourth-order investigation, missed

this behaviour because they did not go to low enough C. Up to fourth-

order, their formulas are identical to ours]. Another striking feature of

Figure 111-1 is that, independently of the quantum number, one can

always find a region of C where the eigenvalues seem to diverge.
Since for C < 0 the potential contains two wells separated by a
barrier whose energy maximum is at E = 0, it seems that every quan-
tum level "knows" when it is going to "hit the top" [i.e.
from En >0 to En < 0].

to change

To show the effect of the high-order terms as the quantum number
increases and C is maintained fixed, we present in Table |IlI-1 some
numbers for C = 0 for which case exact results are available*3. This
table corroborates the common knowledge that the accuracy of WKB
eigenvalues increases as the gquantum number increases. However, as
shown in Figure 111-1, this does not precludes the possibility of, for
any given n, finding a region of C such that the eigenvalues become

quickly inaccurate.

n order eigenvalue I1 I2 I3 14 15
0 1 0.867 1.5708
2 0.980 1.7228 -0.1520
3 0.951 1.6842 -0.1554 0.0420
4 0.787 1.4614 -0.1791 0.0643 0.2243 :
5 1.129 1.9151 -0.1367 0.0286 0.0580 -0.2942
exact 1.06036209048418
2 1 7.41398 7.8540
2 7.45579 7.8872 -0.0332
3 7.45528 7.8868 -0.0332 0.0004
4 7.45522 7.8867 -0.0332 0.0004 0.0000
5 7.45523 7.8867 -0.0332 0.0004 0.0000 -0.0000
exact 7.45569793798673
4 1 16.23361469 14,1372
2 16.26193674 14,1557 -0.0185
3 16.26182856 14.1556 -0.0185 0.0001
4 16.26182453 14,1556 -0.0185 0.0001 0.0000
5 16.26182491 14,1556 -0.0185 0.0001 0.0000 -0.0000
exact 16.26182601885022
6 1 26.5063355109 20.4204
2 26.5285125517 20.4332 -0.0128
3 26.5284718732 20.4331 -0.0128 0.0000
4 26.5284711471 20.4331 -0.0128 0.0000 0.0000
5 26.5284711794 20.4331 -0.0128 0.0000 0.,0000 -0.0000
exact 26.52847188368251
8 1 37.90447184506 26.7035
2 37.92302114052 26.7133 -0.0098
3 37.92300122935 26.7133 -0.0098 0.0000
4 37.92300102141 26.7133 -0.0098 0.0000 0.0000
5 37.92300102683 26.7133 -0.0098 0.0000 0.0000 -0.0000
exact 37.92300102703395
10 1 50.2401523191725 32.9867
2 50.2562659320022 32.9947 -0.0079
3 50.2562545929486 32.9947 -0.0079 0.0000
4 50.2562545153248 32.9947 -0.0079 0.0000 0.0000 0.0000
5 50.2562545166505 32.9947 -0.0079 0.0000 0.0000 -0.
exact 50.25625451668291
4 . ion with
Table I1I-1. Comparison of the exact eigenva1ues&3 of the x  interaction W

_ how
the 1,2,3,4 and 5th order WKB approximations to them. ObsersE e

n. Observe also that

rapidly the maximal accuracy increases with
The several IJ .

the eigenvalue for the ground-state seems to diverge: h orders
7 s i 0 3
in this table show the relative contribution from the hig
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To conclude we observe that Eqgs. |11-28a-e above generalizes to fifth-
order the £-quantization rule discussed in chapter Il. Note that, as
shown in chapter |I, once the £-quantization is known, the n-quanti-
zation follows from symmetry considerations. As they stand, these
generalizations are valid only for m = 0 states. In the next chapter
we discuss an alternative semiclassical quantization which extends the

fifth-order formula for arbitrary m states.

Chapter 1V A different semiclassical quantization

IV-1 Alternative quantization

WwWe now want to show how the high-order results of the previous

chapter, valid for m = 0, can be used for states with arbitrary m

values.

Up to this point we have been discussing the quantization of the
Stark problem using the WKB semiclassical approximation. The sim-

plest version of this quantization is given by the equations

[see I11-12].

ZJ’}['?ZT 4 E %1* mt “£§4'd3 - (h,fiz‘)ﬂ', IV-1a

. ; ! 1 -
Zf /L/_i‘_z+§71_ %t " ; 74 4’7 = (J?U-.-?-_)n') IV-1b
subjected to the condition Z‘I + 22 = Z, and where, as already dis-
cussed, the integrals are to be evaluated between turning points de-
fined from their respective integrands. In this section we want to
investigate a very interesting alternative semiclassical quantization
which was recently discussed by Hioe and Yoo*®. When applied to

the Stark problem, this alternative quantization reads
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This quantization is particularly interesting owing to the simplicity
with which the centrifugal contribution (the m2 term) is treated. It Table IV-1 Comparison between Exact?®, WKB and Titchmarsh
clearly shows that the results for m = 0 derived in the previous chap- resonance energies.
ter can be extended to states with m # 0. Equations la-b involve
elliptic integrals of three kinds while, as shown in the previous chap- n, n, m 10%F g S T— WKB/Exact Titchmarsh/Exact
ter, equations 2a-b involve only integrals of two kinds. Besides this
simplification, high-order contributions to the quantization defined by
2a-b can all be reduced to simple functions of the same two integrals 0 0 1 40 0.126316885 0.9972 0.9984
needed for the first-order quantization [see formulas IlI-24a-e]. It is 0 0 1 80 0.13118859 0.9845 0.9895
important to observe that one could think of calculating high-order 3 0 1 1.556 0.0168552372 0.9988 0.9994
corrections for the potentials in la-b. However, owing to the pre- 3 0 1 1.9448 0.0161793885 0.9982 0.9993
sence of the centrifugal term, the resulting integrals are just intract- 3 0 1 2.1393 0.015860468 0.9972 0.9985
able. 3 0 1 2.5282 0.015269204 0.9947 0.9968

3 0 1 2.9172 0.0174740243 0.9913 0.9946

The original derivation of the quantization rules IV-2 is due to Titch-
marshl1?. Titchmarsh obtained these equations while studying approxi-
mations to poles of Green's function corresponding to the Stark does not hold anymore. The lowest quantum state satisfying these con-
problem. For a detailed derivation of the equations see Titchmarsh17. ditions is n = 2 [n1 =n, = 0, m = 1]. In Table IV-1 we compare WKB

and Titchmarsh's quantization with exact numerical calculations of Dam-

The integrals appearing in the quantization rule defined in 1V-2 were burg and Kolosov25. The majority of the numerical results reported by

extensively discussed in previous chapters. From IV-1 and IV-2 it is these authors are for states with m = 0 and, therefore, cannot be

obvious that WKB and Titchmarsh's quantizations give exactly the ‘ used for the present purpose.

same results for m = 0 states. We want to investigate how they com-

pare when m # 0. In the following, a brief comparison of resuits from The values of the field strengths for the quantum states given in Table
first-order WKB and Titchmarsh's rules with exact numerical results IV-1 are such that the states lie very close to the autoionization limit.

is presented. It is important to realize that the numbers given in Table IV-1 were

obtained from the simplest possible semiclassical calculation, namely
neglecting the possibility of tunneling. It is also important to note
IV-2 Comparison

that, in principle, semiclassical calculations should not be expected to

give accurate results for low n, and n, quantum numbers. Therefore

: - tization :
As mentioned before, V-2 reduces to standard WKB quantizatio we see that the numbers being compared in Table V-1 correspond to
= i i i i it . . . - ;
when m = 0. It is a simple calculation to use the identity : the most unfavorable situations for semiclassical calculations, namely
Ta low quantum numbers and energy region close to the autoionization
¥

5{'_ -7t m limit (where two of the turnin oints coalesce). Even so the semi-

f ? ll/'r + (n+r;)1‘ =R = ?3- (T,,-{-Tl = Y Yﬂ}_) V=3 '( g P . ‘
?’1 ! classical results are close to the exact ones. It is easy to recognize

that values from Titchmarsh's quantization are slightly better then the
to show that IV-1 and V-2 give the same result when F = 0 and m #

0. For F # 0 and m # 0 the identity between both quantization rules

ones from standard WKB quantization.
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Summary

Motivated by recent very interesting experimental results we investi-
gated spectral properties of one-electron atoms in the presence of
static electric fields. Of particular interest is the behaviour of Ryd-
berg states near the classical autoionization threshold. Using a semi-
classical WKB approach we first reconsidered the standard first-order
treatment of this problem. For the first time, the complete analytical
semiclassical quantization rules for this problem was obtained. This
analytical quantization is complete in the sense of including all effects

of the magnetic quantum number of the electron and is exact, within

first-order theory, in the standard approximation of treating as un-
correlated the motions near the atomic core and in the asymptotic re-
gion. By comparing predictions of this quantization with experimental
results and with results from alternative calculations one sees that,
although such quantization is capable of reproducing the center of the
Stark resonances well, it predicts far too small values for the widths
of Rydberg states. In other words, thinking of the resonance para-
meters as complex eigenvalues, the above quantization predicts reason-
able results for the real part of the eigenvalues but gives too small
values (of about one order of magnitude) for their imaginary part. To
improve upon this result one may either try to obtain high-order
quantization rules or treat the first-order problem as a scattering
problem. This Stark scattering problem is difficult to treat since the
relevant potential [see Eq. I1-3 and section 11-3] is not bounded from
below, in contrast with usual situations where the potential goes to
zero far from the scattering center. In section 11-3 we developed a
general semiclassical formalism to treat scattering from potentials
which behave as r wvery far from the scattering center. When applied
to the Stark problem this scattering formalism produces resonance
parameters (i.e. complex eigenvalues) which are excellent approxima-
tions to the measured ones. Furthermore, the general semiclassical
solution is very compact and can be expressed as very simple- func-
tions of the three usual phase integrals [our Ig(j), il’l(J) and 6(1)]'.

We have also considered high-order semiclassical quantization. Since

the direct high-order quantization in parabolic coordinates is an
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extremelly difficult problem, we considered the analogy between the
spectrum of the Stark Hamiltonian and of some anharmonic oscillators.
For m = 0 states, after some very tedious work, the high-order
quantization rules can all be expressed as simple functions of the

same phase integrals used in the first-order quantization [see Eqg.

I11-24]. This implies that practically the same effort used to obtain
first-order resonance parameters is needed to generate highly accu-
rate Stark eigenvalues. For arbitary m states an alternative semi-
classical quantization rule, due to Titchmarsh, may be efficiently

used.

Our study indicates that, for any physical problem, it is always pos-
sible to express first-order semiclassical quantization rules as simple

functions of some (usually 2 or 3 ) basic phase integrals. It also in-

dicates that all high-order corrections can be reduced to simple func-
tions of the same basic phase integrals. To reduce high-order semi-
classical contributions to this basic set of phase integrals, we pro-
posed in section Il1-2 a new approach based on Hadamard's concept of
improper integrals. This new approach can be implemented in com-
puters able to manipulate algebraic expressions. Such computer mani-
pulations are realizable nowadays*®. The observations above allow one
to hope for, in the near future, a fully automated semiclassical
quantization. Upon definition of a potential a computer would be able
to perform the algebraic reduction and, of course, the numerical

work.

In conclusion, we have revised the semiclassical treatment of the
Stark effect. Using first-order theory we obtained analytical formulas
for the quantization rule. By studying scattering problems from
potentials which diverge as -r far from the scattering center we
obtained the correct imaginary part of the Stark complex eigenvalues,
giving the ionization rate as a function of the field strength. The
semiclassical formulation is very compact [it is based in three phase
integrals] and, contrary to current belief, produces excellent apprbxi-
mations to experimental resonance parameters. Semiclassical quantiza-
tion in higher orders was also investigated. We proposed Hadamard's

concept of an improper integral as a useful device to compute pseudo
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singular WKB integrals. By exploring the symmetries of the Stark and
anharmonic oscillator problems, a gquantization rule up to the fifth-
order was given. Using Titchmarsh's alternative semi-classical quanti-
zation, which we considered in chapter |V, the fifth-order quantiza-
tion rule mentioned above can be directly used to obtain Stark eigen-
values. It is also important to note that the scattering formalism deve-
loped in chapter Il as well as the new approach to treat pseudo sin-
gular semiclassical integrals, besides being original, are of general
use in semiclassical theory. In particular, we have also been able to

use them to investigate Zeeman diamagnetism in hydrogen28/47,

_50_

Appendix

Hadamard's concept of an_integrai.

In 1923, while studying properties of hyperbolic differential equations
Hadamard4® introduced what he called the "rather paradoxical notion"
of a "nmew kind of improper integral". We now present the arguments

originally used by Hadamard to introduce his improper integral.

Let us start from the integral

Vi X . A-1
a b—x
A direct differentiation of this integral with respect to b appears im-
possible: indeed this would consist in writing the absurd expression
(P Awdx . [A
2 >, Ve ) A-2
a (B"—x) b—x Xx=5

a sum of two terms, the first of which has no meaning as it contains
an infinity of order 3/2 in the integrand and the second being evi-

dently meaningless.

There is, however, an immediate means of performing directly (i.e.,
without any transformation) this differentiation. It would consist in
replacing the real integral A-1 by

the half of the complex integral taken

along a path constituted by two lines Tlm g

along ab, connected by a small circle
around b as shown in Figure A-1: for

such a path differentiation presents no o
—_— \ ex
ad —@ -

difficulty. Of course one must have

somehow a means of doing this without

introducing complex quantities. Indeed,

as noticed by Hadamard, one has only
to observe that (replacing b by x in
the upper limit), not the integral Fig. A-1



= B w

j" A s

(b=

but the algebraic sum

X
@

- xX —
(b-x)% V b —x
approaches a perfectly definite limit when x approaches b. Moreover,

the same remains valid for

—_— AX
/ 3
a (B-x)"* Vikom
if B be any differentiable function of x such that B(b) = - 2A(b).

Furthermore, the result obtained is independent of the choice of the
function B. This is due to the fact that the denominator is of a frac-
tional order, while a change of the function B (under the above hypo-
thesis) would alter it by terms containing at least b-x in the first
power as factor, so that the corresponding terms in the fraction would
necessarily vanish for x = b. Therefore, to calculate the limit A-5
we do not even need to indicate what special function B we choose.
This limit was called by Hadamard "the finite part" of the integral

A-2. Instead of using Hadamard's original notation we will denote

this improper integral by

b

a (6“><)3/z g

the = sign in the integral being read "finite part of". If A is
analytic, besides the limit as defined by A-5, the finite part A-6
can just as well be defined as half of the corresponding integral
taken along the aforementioned path. No difficulties arise in defining
the same symbol for higher orders of infinity, provided they al\_fvays
are fractional. Further details can be found in the original book by
Hadamard4®. Hadamard's finite part turns out to be a distribution
function. Therefore more recent literature is found in this particular

area of mathematical analysis®’50,

A(x)
e "

- 53 =

REFERENCES

1. J. Stark, Sitzungsber. Akad. Wiss. Berlin, 47, 932 (1913).

2. J.R. Oppenheimer, Phys. Rev. 31, 66 (1928).

3. A. Bdhm, Quantum Mechanics, Springer Verlag, Berlin, 1979,
see especially chapter XVII| on resonance phenomena.

4. M.H. Rice and R.H. Good, J. Opt. Soc. Am. 52, 239 (1962).

5. E. Luc-Koenig, S. Feneuille, J.M. Lecomte, S. Liberman,

J. Pinard and A. Taleb, J. Physique 43, C2-153 (1982).

6. D. Kleppner, "Atoms in very strong fields" in Laser-Plasma
Interaction, Les Houches XXXI|V, North-Holland, Amsterdam,
1982.

7. S. Feneuille and P. Jaquinot, Advances in Atomic and Molecular
Physics, vol. 17, edited by D.R. Bates and B. Bederson, Academic,
New York, 1981.

8. P.M. Koch, Atomic Physics, vol. 7, edited by D. Kleppner and
F.M. Pipkin, Plenum, N.Y., 1981.

9. R.R. Freeman, Atomic Physics, vol. 7, edited by D. Kleppner and
F.M. Pipkin, Plenum, N.Y., 1981.

10. K.J. Kollath and M.C. Standage, Progress in Atomic Spectroscopy,
part B, Plenum, N.Y., 1979.

11. N. Ryde, Atoms and Molecules in Electric Fields, Almquist and
Wiksell, Stockholm, 1976.

12. H.A. Bethe and E.E. Salpeter, Quantum Mechanics of One- and
Two-electron Atoms, Springer Verlag, Berlin, 1957.

13. L.D. Landau and E.M. Lifshitz, Quantum Mechanics - Non relati-
vistic Theory, Pergamon, London, 1977.

14. E. Schrédinger, Ann. Physik 30, 437 (1926).

15. .S.P. Alliluev and |.A. Malkin, Sov. Phys. JETP 39, 627 (1974).

16. H.J. Silverstone, Phys. Rev. A 18, 1853 (1978).

17 " E.C. Titchmarsch, Eigenfunction Expansions, Oxford University,

< London, 1958.
18. This point is reviewed by L. Benassi and V. Grecchi, J. Phys.

B 13, 911 (1980).



19.

20,

21.

22:

23.

24.

25.

26

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

_53_.

Proceedings of the International Workshop on Perturbation theory
at Large Order, Int. J. Quantum Chemistry, volume XXI of
January 1982.

C. Lanczos, Z. Phys. 62, 518 (1930); 65, 431 (1930); 68, 204
(1931).

D.S. Bailey, J.R. Hiskes and A.C. Riviere, Nucl. Fusion 5, 41
(1965).

J.D. Bekenstein and J.B. Krieger, Phys. Rev. 188, 130 (1969).

J.A.C. Gallas, H. Walther and E. Werner, Phys. Rev. Letters, 49,
867 (1982).

J.A.C. Gallas, H. Walther and E. Werner, Phys. Rev. A 26, 1775
(1982).

R.J. Damburg and V.V. Kolosov, J. Phys. B 9, 3149 (1976).

E. Luc-Koenig and A. Bachelier, J. Phys. B 13, 1743 (1980).

R.E. Langer, Phys. Rev. 51, 669 (1937).

J.A.C. Gallas and R.F. O'Connell, J. Phys. B 15, L593 (1982); 15,
L 309 (1982); 15, L75 (1982); J.A.C. Gallas, Chem. Phys. Letters
96, 479 (1983)-

J.E. Adams and W.H. Miller, J. Chem. Phys. 67, 5775 (1977).

B.C. Carlson, Special Functions of Applied Mathematics, Academic,
N.Y., 1977.

P.O.M. Olsson, J. Math. Phys. 5, 420 (1963); I'm indebted to Prof.
B.C. Carlson for this reference and for the remarks on the numeri-
cal evaluation of Appell's functions.

A recent review of the three-turning-point problem was given by
J.N.L. Connor in Semiclassical Methods in Molecular Scattering
and Spectroscopy, M.S. Child, ed. Reidel, Dordrecht, 1980.

W.H. Miller, J. Chem. Phys. 48, 1651 (1968).

C.J. Joachain, Quantum Collision Theory, North-Holland, Amster-
dam, 1975.

R.J. Damburg and V.V. Kolosov, Phys. Lett. A 61, 233 (1977).

N. Fréman, Semiclassical Methods in Molecular Scattering and
Spectroscopy, M.S. Child, ed., Reidel, Dordrecht, 1980.

R.N. Kesarwani and Y.P. Varshni, J. Math. Phys. 21, 90 (1980);
Erratum 21, 2852 (1980).

38.

39.

40.

41.

42.

43.

44,

45.

46.

47.

48.

49.

50.

- 54 -

J.B. Krieger, M.L. Lewis and C. Rosenzweig, J. Chem. Phys. 47,
2942 (1967). -

P.M. Morse and H. Feshbach, Methods of Theoretical Physics,
vol. |, McGraw-Hill, N.Y., 1953.

M.G. Barwell et al., J. Chem. Phys. 71, 2618 (1979).
P. Pajunen and R.J. le Roy., J. Chem. Phys. 77, 3527 (1982).

P.F. Byrd and M.D. Friedman, Handbook of Elliptic Integrals
for Engineers and Scientists, Springer Verlag, Berlin, 1975.

C.M. Bender, K. Olaussen and P.S5. Wang, Phys. Rev. D, 16,
1740 (1977). o

M. Lakshmanan, F. Karisson and P.O. Fréman, Phys. Rev. D 24,
2586 (1981). "

F.T. Hice and H.l. Yoo, Phys. Rev. A 21, 426 (1980).

R. Pavelle, M. Rothstein and J. Fitch, Scientific American 245,
102 (1981) [December 1981; see also further bibliography on page
138 of this issue].

J.A.C. Gallas, E. Gerck and R.F. O'Connell, Phys. Rev. Letters
50, 324 (1983).

J. Ha?damard, Le Probléme de Cauchy et les Equations aux Derivées
Partielles Lineaires Hyperboliques, Hermann, Paris, 1923.

M.J. Lighthill, Introduction to Fourier Analysis and Generalised

Functions, Cambridge University, London, 1959.

E.J. Beltrami and M.R. Wohlers, Distributions and the Boundary
Values of Analytic Functions, Academic, N.Y. 1966.










