Cirac / Giedke Quantum Information Theory: Implementations Sheet 3

3.1) Displacement operator
(i) Using the Baker-Campbell-Hausdorff formula we obtain

T__ % T % 27,1 T _ 2
eca'—ata _ paal, aae|a| la ,a]/2:eaae a*a, || /2.

(ii) To show that D(a)faD(a) = a + a, we use the equation above.
D(a)TaD(a) _ eoa*ae—oaafe\a|2/2a e—|o¢\2/26aaTe—a*a _ ea*ae—aaTa eaaTe—a*a_

The expression a e’ is now manipulated such that the annihilators are on the
right side, while the creation operators move to the left (next to the expression
e*aaT). To do so, we expand e’ in a series and the use the relation

We obtain
o0 T)n S N > qnl

Qe — g (aa _ (@ (ahra) =et@'a a3 (o)t
n;() n! nz::o n! ( ) %0: (n—1)!

3.2) Squeezing

(i) First the variances AX? and AP? in the vacuum state are computed.
1 1
AX? = 1r{pX?} = [tr{pX}]* = tr{|0}{0] 5 (a + al)(a + aT)} — [tr{10)(0] 5 (a + a')})?

1 1 1 1
= tr{|0><0]§(aa +ad’ +ala+alal)} —0 = §<O|aaT|O> + §<O|aTa|0> =5

AP? = tr{pP*} — [tr{pP}]* = tr{\0><0|(—%)(a —aN(a—ah)} - [tr{\0><0](\_/;)(a ANE
= 757“{\0><0|(_71)(aa —aa' —ala+dlal)} —0= %<O|aaT|O> + %<0|aTa|0> - %
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The variances AX? and AP? in the vacuum state fulfill the minimum-uncertainty
relation AX2AP? = 1/4. The operation D(«) describes only a displacement

ap = D(a)'aD(a) =a+ a,

ag = D(a)'a'D(a) = a' + a*,

Xp = D()'XD(a)= (ap +al)/V2 =X+ (a+a*)V2,
Pp = D(@)PD(a) = —i(ap —a}))/V2 = P —i(a — a*)V2.

Therefore it does not change the variances
AX} = AX + (a+a")V2? = AX?,
APY = A[P —i(a—a*)V2]2 = AP2
(ii) We start with the Heisenberg equations for the operators a and a'

Oa = i[H,a] = in[(aT)Q,a] = —QinaT,
dal = i[H,a'] = infa® a'] = 2ina.

By differenting one of these equations and substituting the other one we obtain

0%a = —2indya’ = 4n’a,
8t2aT = 2inda = 4n*dl,
which is solved by
a(t) = a(0)cosh(2nt) — a'(0) sinh(2nt), (1)
a'(t) = a'(0)cosh(2nt) — a(0)sinh(2nt). (2)

Now we have a look at the variances of X and P

AX(t)? = 1<vac|a(t)a(t) +a'(t)a(t) + a(t)a’ (t) + a (t)a' ()|vac)

\)

_%@acla(t) +al () |vac)?,

—_

AP(t)? = Z(vac| —a(t)a(t) + a'(t)a(t) + a(t)a’ (t) — al (t)a' (t)|vac)

[\

-I-% (vacla(t) — al (t)|vac)?.

It is clear from equations 1 and 2, that (vac|a(t)|vac) = (vac|a’(t)|vac) = 0 and ac-
cordingly 3 (vacla(t)£a'(t)|vac)? = 0. In order to evaluate the remaining terms, we
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calculate (vac|a(t)a(t)|vac), (vaclal(t)a’(t)|vac) and (vac|a(t)a' (t)+al(t)a(t)|vac).
%(vad(a(()) cosh(2nt) — a'(0) sinh(2nt))

(a(0) cosh(2nt) — a'(0) sinh(2nt))|vac)

(vacla®(0) cosh(2nt)? — a(0)al (0) cosh(2nt) sinh(2nt)

(vacla(t)a(t)|vac)y =

—a'(0)a(0) cosh(2nt) sinh(2nt) + (a' (0 )) sinh(2nt)?|vac)
= — cosh(2nt) sinh(2nt) (vac|a(0)a’(0) + a’(0)a(0)|vac)
= —cosh(2nt) sinh(2nt) (vac|a(0)a’(0)|vac) = — cosh(2nt) sinh(2nt)

Analogously (vac|a®(t)af(t)|vac) = — cosh(2nt) sinh(2nt) and

(wacla(t)a’(t) + a'(t)a(t)|vac) = (vac|(a(0)cosh(2nt) — af(0) sinh(2nt))
(a’(0) cosh(2nt) — a(0) sinh(2nt))
+(a’(0) cosh(2nt) — a(0) sinh(2nt))
(a(0) cosh(2nt) — a'(0) sinh(2nt))|vac)

= cosh(2nt)? + sinh(2nt)2.

By inserting these expressions into the equations for AX(¢)? and AP(t)? we can
infer

1 1
AX(t)? = i(cosh(2nt)2 + sinh(2nt)* — cosh(2nt) sinh(2nt)) = 5674772
1 1
AP()? = 5(— cosh(2nt)? — sinh(2nt)? 4 cosh(2nt) sinh(2nt)) = 56477’5.
The variance of the X quadrature is squeezed, while the variance of P is anti-

squeezed, such that the minimum-uncertainty product AX(¢)2AP(t)? = 1/4 is
conserved.
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