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Each path is only one of a million paths. Therefore, you must always keepin mind that a
path is only a path. If you feelthat you must not follow it, you neednot stay with it under
any circumstances. Any path is only a path. There is no aront to yourself or others in
dropping it if that is what your heart tells you to do. But your decisionto keepon the path
or to leave it must be free of fear and ambition. | warn you: look at every path closelyand
deliberately. Try it as many times as you think necessary Then ask yourself and yourself
alone one question. It is this:

Do es this path have a heart?

All paths are the same. They lead nowhere. They are paths going through the brush or
into the brush or under the brush. Doesthis path have a heart is the only question. If it
does, then the path is good. If it doesn't, then it is of no use.

Carlos Castaneda
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Chapter 1

Intro duction and Motiv ation

Entanglemert is one of the most striking featuresof quantum theory. After playing a
signi cant role in the foundations of quartum medanics, it has beenrecenly redisco-
eredasa new physical resourcewith potential commercialapplications suc as quartum
cryptography, better frequency standards or quartum-enhancedpositioning, and clock
syndronization. The ability to generateentangled statesis one of the basicrequiremerns
for building quantum computers. Hence, e cient experimertal methods for detection,
veri cation, and estimation of quantum entanglemern are of great practical importance.
For this task we needa completetheoretical framework which provides us with the tools
for characterizing entanglemert.

It is well known that it is not di cult to say whena quantum pure state is ertangled.
On the other hand, it is usually very hard to idertify whether a given mixed state is
ertangled. Indeed, it is more relevant for experimertal applications to investigate the
structure of mixed state entanglemern, becausein real settings we often have either in-
completeinformation about the systemor interactions with the ervironment, known as
decoherenceboth of which give rise to mixed states.

The ultimate aim of this work is the characterization and detection of entangle-
ment in mixed states We will focus on the matrix-pro duct-density-operator (MPDO){
represemation for mixed states and deal with the characterization of erntanglemert by
meansof the partial-transpose(PT): oneof the standard criterion for detecting entangle-
mert. The reasonof using thesespeci cations lies on the fact that this criterion can be
implemerted e cien tly to mixed-quartum-states written in the MPDO{represertation,
i.e. the PT can be easily handled with only a linear growth of computational e ort on
the sizeof the system. The key to this liesin the fact that having written asan MPDO,
it is only determined by a set of matricesf M g. Indeed, there is not only one set but a
in nite number of them (Fig. 1.1) leadingto the samestate

In view of this, in this thesiswe are interestedin answering thesetwo questions:

Doesthere exist a standar d set f M g that completely represents the class
of sets that dene ? In other words, we are looking for a setf M g in one-to-one

1



2 Chapter 1. Introduction and Motivation

"L

Figure 1.1: All these sets dene the same

corresppndencewith the state . In orderto do this, we will reviewthe normal form
in the matrix-product formalism for pure states and extend this to a normal form
for mixed states.

Is it possible to study entanglemen t prop erties of by means of studying
prop erties of the set fMg? In particular, we would like to seeif the positivity
of a density operator is a necessaryand su cien t condition for the positivity of
this set of standaid matrices describingthe state in the MPDO formalism. If this
is the case,it would be su cient to ched the positivity of thesematrices after PT
for detecting entanglemert; simpler than working directly with

The structure of this thesisis as follows:

In chapter 2 we will considerthe PT as a mathematical tool for erntanglemen{
detection, together with an overview of the theory of entanglemer.

Although its roots date bad from the end of the 80sand considerableadvanceshave
beenadhieved during the last couple of years, there exists no comprehensie publication
summarizingthe basicfeaturesof the matrix-product formalism. The following two chap-
ters give a complete, self-conained description.

In chapter 3 we start introducing the matrix product states (MPS) from di erent
perspectives:

The classof MPS rst saw light asthe ground state of the AKLT model, an exactly
sohable model in condensedmatter physics. In this sectionwe briey explain the
model and how it leadsto the matrix-product represetation.

MPS appear asa natural and e cien t way to represem statesof slightly entangled
systems.

We alsoexplain brie y the roll that MPS have played in the Density Matrix Renor-
malization Group (DMR G) method.

The chapter follows with the explicit derivation of someformal aspects, namely the cal-
culation of expectation valuesusing transfer matrices and the normal form for MPS. For



completenessthe normal form is derived from a set of conditions imposedon a transfer
matrix. Later, to give a avor of what this states represem, some physical properties
are derived. To closethe chapter we apply MPS to the ground state calculation within

the framework of the DMRG method. We summarizethe most relevant featuresof this

technique and give a detailed accourt of the algorithm using MPS. Finally, we give some
results for the speci ¢ problem of the Ising model.

In chapter 4 we follow more or lessthe samestructure. Here matrix product density
operatorsare introducedas an extensionof matrix product statesto the mixed{state sce-
nario. We derive the calculation of expectation valuesusing transfer matrices and work
on the normal form for MPDO. To closethe chapter, we study the implemertation of PT
on MPDO.

Finally in chapter 5 we briey summarizethe results and give an outlook on future
work.

There are alsothree appendicesat the end of this work.

In appendix A we explain the basic mathematical notation that we use. We alsoin-
clude someselectedopicsin linear algebrato make this work more self-cornained, namely
the de nition of rank, unitary matrices a brief commen on the determination of eigen-
vectors and eigenvaluesand the singular value decomposition.

In appendix B wetreat the derivation of the normal form for MPS from the Schmidt
decomposition usedin chapter 3.

Finally, in appendix C, we show that the normal form for MPS, in the caseof OBC,
implies normalized states This fact simpli es in a very corveniert way the formulation
of the algorithm for the ground-state calculation, descriked at the end of chapter 3.
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Chapter 2

Entanglemen t

If two systemsinteracted in the pastit is, in genearl, not possibleto assigna single
state vector to either of the two subsystemd14]. This is also known as the principle of
non-separabiliy and expressesnuch of what entanglemen is about.

First recognizedby Einstein, Podolsky and Rosen[12] and Sdredinger [31], it is one
of the most astonishingfeaturesof the quarntum formalism. The main problem in Entan-
glemen Theory is that we do not fully understandwhat erntanglemern is. More precisely
we only know is its mathematical de nition and its manifestations|5, 7, 4].

Entanglemert appearsasthe consequencef the combination of two of the quantum
postulates:

the state of a quantum the Hilbert spaceof a 9 superposition of pure
: ) . . statesthat cannotbe
systemis descriled by compositesystemisthe | _ .
. + = | written asthe tensa

a vecta in a complex tensa product of the

. product of pure states
Hilbert space two local spaces ;

in eachlocal space

Antip odeanto entangled states are the separablestates, i.e., a state is entangled if
and only if it is not separable.

Whether a given state is entangled or just classicallycorrelated is easyto determine
for pure states. Howe\er, for arbitrary mixed statesit is a hard problem [16]. We will see
this later.

2.1 Separabilit y

Deciding whether seeral systemsare erntangled or whether they are just classically
correlatedis known asthe se@rability problem In this sectionwe presert the separability
condition for pure and mixed states, i.e., the de nition of entangled states. We will be
referring to bipartite systemsin a Hilbert spaceH = H, Hg.

5



6 Chapter 2. Entanglemert

Pure States A purestatej i isenangledif andonly if it is not separablej.e., it cannot
be written asa product vector

ji=j Al | gi:
In this casethe criterion, for decidingif the state is erntangled or not, is very simple.
First we introduce an usefultool [24, 13].

Theorem 1 (Schmidt decomp osition) Supmsej i is a pure state of a com-
posite system, AB. Then there are orthonormal statesfjiaig for systemA, and
orthonormal statesfj igig of system Bxsuchthat
= iailisl;
i

whee ; are non-neggative real numters satisfying . 2 = 1 known as Schmidt
coe cients. If there is no deggenency, this decomposition is unique up to arbitrary
opposite phasesin jiai andjigi.

The Schmidtrankis de ned asthe number of non-vanishing Schmidt coe cien ts.

Then, the criterion for pure statesis
j 1is pure , ] i has Schmidt rank one:

Mixed States A mixed state is entangled if and only if it is not separable,i.e., it
cannot be written as[39

xehooo N
= P aih Al Jogih ]
i=1
whereN 2 N* ig arbitrary; j Ai 2 Ha, ] i 2 Hg are arbitrary but normalized
andp. Owith [\ p=1.

That is, a separablestate can be prepared by two distant obseners who receive
instructions from a common classicalsourceand preparethe di erent pure states
j hi andj Li with probability p; (Fig. 2.1). So, entangled states are those that
cannot be createdusing local operations and classicalcommunication.

The criteria for entanglemert of mixed state are many and diverse. Here we start
introducing two of them [26, 20]. The symbol >; indicates the transposition of
subsystemi, i.e., partial transposition of the ertire systemwith respectto i (see
section2.3)

Theorem 2 (Peres) If is semrablethen
A Qand “B=(74) O

Theorem 3 (Horo decki) A state ofaC? C?or C?2 C2 systemis semrable
if and only if its partial transposition is a positive operator.
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lacal oc,{'t!,
opecation classieal commortieation Ipecdtion

Figure 2.1: Separable-states factory . A classical source gives with
probabilit y p; the output i, indicating far away partners whic h state to prepare.

2.2 Entanglemen t Measures

Quantifying quantum entanglemert is one of the certral topics in quantum informa-
tion theory. How can entanglemen be \measured" or quanti ed, how can entanglemert
be classi ed, i.e., what physically di erent typesof erntanglemern exist, and nally how
doeserntanglemen behave as a physical resourcefor quantum comnunication, quartum
computation, etc.?

First of all, we needto know what an entanglement measureis [28. We answer this
important questionby stating the conditions that every measureof entanglemert E has
to satisfy:

8
Entanglemert is non-negatiwe. It is zeroif and only if the state

Is separable
E() 08 ;E()=0, is separable
Entanglemert of independen systemsis additive
EC ") =nE()
Entanglemert is consened under local unitary operations
' U ;U=Upy U : E()=EMU )
] alocal changeof basishasno e ect on E
Its expectation value cannot be increasedby local nonunitary
operations X
local nonunitary ! fp,-; ig - ij( j) E( )
J
' monotonicity under local operations
and classicalcomnunication (LOCC)

For more on this seethe pioneeringpaper on entanglemert measureq8].

A pure state's entanglemern is measuredby its entrop y of entanglemen t E( )

X _ .
ji= pjal jel : E()=S(a)=S(s) (2.1)
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i.e., the apparert ertropy of any of the systemsconsideredalone, where
S()= Tr( log) (2.2)

is the von Neumann entropy, a = Trgj ih j is the reduceddensity matrix of A,
obtained after tracing over B's degreesof freedom, and the logarithm is to base two
(the information is storedin qubits ). The ertropy measureshow much uncertainty there
is in the state of the physical system. For example,if 5 and g describe pure states
(there is no uncertainty in the individual systems),then E( ) = 0 (there are no quantum
correlationsbetweenthem).

We de ne an ebit asthe amourt of entanglemen in a maximally entangled state of
two qubits, for which E = 1.

Another possibility is to usethe rank of the Schmidt decomp osition (SD) asa
measure.If A is a subsetof n qubits and B the rest of them, the SD of ] i with respect
to the partition A : B reads

XA
ji= J AT j[B]i
=1
The rank 5 of A (the reduceddensity matrix for block A) is a natural measure[37] of
the entanglemen betweenthe qubits in A and thosein B. Therefore,a good measureto
guanify the entanglemert of statej i would be the maximal valueof A over all possible
bipartite splits A : B of the n qubits, namely

= max a
A
or the related entanglemen measurek

E =log()

In the bipartite setting, E upper boundsthe more standard measureertropy of entan-
glemer.

For mixed states we have a whole zoo of measuresthere is not a uniqgue measureof
ertanglemert. The choice of one measureor another dependson what you need. We will
seesomeexamplesin what follows.

In principle, there are two approadesto quartify ertanglemert [8, 19:

Abstract approach A state function canbe usedto quartify entanglemert if it satis es
the natural properties stated beforeas de nition of a measure.
1. Von Neumannentropy S: already introducedin (2.2).

2. Relative Entropy of EntanglementEg: it is basedon the idea of distance;the
closerthe state is to the set of separablestates, the lessentangledit is.
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3. Other measures:SquashedEntanglemernt Esy, Reryi Entropy E , Logarithm
of the Negativity Ey, ConcurrenceC, etc.

Operational approac h The systemis moreerntangledif it allowsfor better performance
of sometask impossiblewithout erntanglemen.

1. Entanglementof Formation EoF: having a large number n of Bell states, we
warnt to produceasmarny (high- delit y) copiesj i usingLOCC, getting nally
m copies,therefore 's E of formation is the limiting ratio n=m.

2. Distil lable entanglementEp : performing the reverseprocessi,it is the limiting
ratio m=n, when having a large number m of copiesof j i and we want to
distill as many Bell statesusing LOCC, getting nally n EPR pairs.

3. Other measures: Entanglemert Cost Ec, Entanglemert of AssistanceE0A,
etc.

All thesemeasuresare equivalert in certain limits, e.g. [17]. We have somany de n-
itions not only due to the diverseinterpretations, but becausecalculating someof them
are of the Big Open Problemsof QIT.

2.3 Entanglemen t Detection

Entangled states of many qubits are neededfor quantum information tasks sud as
measuremenbasedquantum computation [29], error correction [15] or quarntum cryptog-
raphy [10], to mertion only few. Thus, it is important to study, both theoretically and
experimentally, multipartite erntanglemert and to provide e cien t methods to verify if in
a given experimert entanglemern is really presen.

Although, to detect entanglemert is not an easyjob. Herewe introduce someideasof
two formalismsthat deal with erntanglemen detection: positive maps and entanglemert
witnesses.

2.3.1 Positiv e Maps

Any admissiblephysical transformation of a density matrix can be speci ed through
someoperatorsf K ;g sud that,

K; K7
b= Ip_ - p = Tr(KiKY) (2.3)
|
fKig are known as Kraus operators [21]. Thesetransformations de ne what is called a
completely positiv e map (CPM),

()= KK

which ful Is the following properties:
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1. Sendspositive operatorsinto positive operators,
8 0 () O
i.e., a positive map.
2. It's alsopositive for composite systems,

8 0 (la ) a) O

becauseany physical transformation should still remain meaningfulwhenit is just
performedon a subsetof the parties.

Mapsthat are positive, but not completelypositive, de ne unphysical operations. This
property makesthem useful for the detection of entanglemert:

Any positive map acting on a product state givesa positive operator. Therefore,
the sameis valid for semrable states. But if acting on some ,g this map
produees to a non-positive operator, then one can conclude that the state is
entanglel.

We can seethis in more detail, considerwe have a separablestate

given that is a positive map, ( 5) will also be legitimate density matrices. So, it
follows that none of the eigenvaluesof Qg is negative This is a necessarycondition for
ag being separable.

For ewvery ertangled state there is a positive map detecting it. This is an straightfor-
ward consequencef the following theorem[2Q].

Theorem 4 (Horo decki) A state 2 Hh Hpg is se@rableif and only if for all positive
maps
":Hg! H¢

we have
(la ") O

This transla tes the problem of detecting entanglemern to the characterization of all
the positive maps.

We now move to the study of a concretepositive map.
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Partial Transp osition

The most known positive map which is not completely positive is the matrix transpo-
sition The transposition is the map

(C)! C’

whereC” is the matrix obtained by exchangingC's rows and columnsand it satis es the
identity
(C”) 1_ (C 1)>
writing the matrix elemens
(C)ij = G-
From this we de ne the map
( neEyr c

which is called partial transp osition . If we work with the matrix elemerns we would
write
(C)i>AAiB iais Gaigiiais -

As we saw before, right after the de nition of a completely positive map, if we ap-
ply ( )( ) = ~and ~is a non-positive operator, then is entangled. Our criterion
reducesto transposepart of ~and diagonalizethe resultant matrix. This is an easily
computable criterion for erntanglemert in mixed states[26], seenin theorem 2. A draw-
bad of PT isthat it is not a su cien t condition; it hasonly beenprovedto be a su cient
condition for pure statesand for composite systemshaving dimensions2 2and2 3[20].

Regardlessof the fact that PT is a non-physical operation (consequetly, it cannot
be useto detect entanglemert experimertally), it can be understood as antiunitary time
inversion operation in one subsystem;it meansthat e.g. Alice inversestime while Bob
doesnot. We can understand more this and the e ectivenessof PT in the following.

According to Wigner's theorem|[41], every symmetry transformation should always be
implemerted by a unitary (U) or antiunitary (A) matrix. If we are working with a binary
composite system,i.e., H = H, Hy, the direct product of unitary matricesU, U, (or
antiunitary matrices A, Ap) is a unitary (or antiunitary) matrix in H. Newertheless,
the combination of a unitary and an antiunitary transformation U, Ay (or Ay Up)
resultsin a transformation which is neither unitary nor antiunitary in H, whoseaction on
a geneanl ket of the composite systemj i 2 H, furthermore, cannot be properly de ned
[30]. Howewer, its action on a product state is, but for a phaseambiguity, well de ned.
As a separablestate s 2 H can always be rewritten as a statistical mixture of product
states, X X

s=  p(aihaj jhihbj); 1 p 0 p=1
| |

the action of such operationson ¢ leadsto a ¢

X
s! 2= p(alhad  jifihg)
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whereja’ = Ujjaii 2 Ha; jifi := Ayjhi 2 Hp, which is also physical (a positive de ned
hermitian matrix with normalized trace). Separable states are characterizedby this:
any local' symmetry transformation, which obviouslytransformslocal physial statesinto
local physial states, also transformsthe glotal physial state into another physial state.

There is only oneindependert antiunitary symmetry which physical meaningis time
reversal Any other antiunitary transformation can be expressedasthe product of a uni-
tary matrix times time reversal. Therefore, quarntum separability of composite systems
implies the lack of correlation betweenthe time arrows of their subsystemsasif separable
systemsdo not have memory of a uniquetime direction in the senseerntangled stateshave
and they are thus compatible with a time ewlution which factorizesinto the product of
two opposedtime ewlutions still leadingto a physical state.

2.3.2 Entanglemen t Witnesses

Entanglemen detectionin an experimert is a hard problem, sincereconstructing the
wholedensity matrix is usually not possibleand the quantum stateis only partially known.
Onecantypically measurea few observablesand still onewould like to detect someof the
entangled states. In this direction appearsanother approad for detecting entanglemen,
the so-calledertanglemen witnessesEW).

An EW is a hermitian operator (an obsenable) W sud that if Tr[W ] < 0, then is
erntangled.

For ewvery ertangled state there is an EW W detectingit. This is a consequencef a
special formulation of the Hahn-Banad theorem:

Theorem 5 (Hahn-Banac h) Let S be a convexsetin a nite dimensional Banach
space. Let be a point in the space with 2 S. Then there exists a hyperplane that
se@rates from S.

Therefore, for every entangled 2 S there exists a hyperplane, described by a Her-
mitian operator W#, which separates from S, sud that Tr[W ] < 0, whereas8 2
S : Tr[ W] 0. SeeFig. (2.2)

As theorem4 for positive maps, this theoremis quite powerful from a theoretical point
of view. Howewer, we have the samehandicap: it is not useful for constructing witnesses
that detect entanglemert in a given state

An ertanglemen witnessonly givesonecondition at detecting entanglemen, while for
a map hasto be positively de nite (i.e., there are many that have to be ful lled). Thus

1Local meansthat it refersto the subsystem

2A linear subspacewith dimension one lessthan the dimension of the spaceitself.
3S, set of separable 's, is a corvex and closedset.

4In operator space,Hermitian operators de ne planes:f : Tr[W ] = constg.
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Figure 2.2: Geometric Hahn-Banac h theorem.
W is a valid entanglemen t witness for all entangled 's in the red-lined zone.

a map is much stronger. Howewer, EW are able to provide a more detailed classi cation
of entangled states[32).
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Chapter 3

Matrix Pro duct States

A position-dependert unnormalizedmatrix product state for a one-dimensionakystem
of sizeN is de ned as,

xd
J mpsi = Tr (A[AFP*A[2F2::AINTY ) jsg; s (3.1)

spiisn =1

Matrix assaiated to site i

and its state s;, whose Dimension of the Hilb ert
A[i]® : |dimensionis bounded by d : |spacecorresponding to
some xed numberD; Dj.1 . the physical system.

They parametrize the state.

They are a classof statesthat yields local descriptions of multipartite quantum states,
giving a very good approximation [33] with only a polynomial number of parametersin
some 1D problems. In the special caseof open boundary conditions (OBC) we have
Dl = DN+1 = 1.

In this chapter we start introducing matrix product statesfrom three di erent per-
spectives. First, from their roots as the ground state of the AKLT model, where they
were originally introducedas Valence-BondSolid (VBS) states. Second,in a more math-
ematical scenariothrough the Sdmidt decompsition. Third, we give a short description
of their roll in the Density Matrix Renormalization Group (DMRG). We end this rst
introductory sectionwith someexamples.Later, we treat formal aspectsof the formalism
concerningcalculations of expectation valuesand the de nition of the matrices A for a
given state. Then, we study somephysical properties of thesestates. To closethis chap-
ter, we deal with an application of all the madinery we have built: the calculation of
ground statesand correlation functions.

3.1 The Basics

We acquairt the readerthree di erent pictures of matrix product states. We start
with a physical approad, follow later in a more mathematical direction and end with

15



16 Chapter 3. Matrix Product States

their appearancewithin a numerical method that during the last yearshas becomevery
successfusimulating condensed-matteisystems. The purposeof this sectionis merely to
give an idea of wheredo the MPS comefrom.

3.1.1 MPS in the AKL T model

The AKLT [2, 3] is an exactly sohable model of an antiferromagnetic spin-1 chain
exhibiting strong quantum uctuations. Proposedby A ec k, Kennedy Lieb and Tasaki,
they were able to establishthe existenceof a Haldane gap (and related phenomena)rig-
orously This wasthe rst rigorous demonstration that exotic behavior in integer spin
chains predicted by Haldaneis indeedpossible.We will briey summarizeit here.

The goalwasto createan instancefor a Hamiltonian, for a one-dimensionaisotropic
spin chain, with a cortinuous symmetry, exponertially decging correlation functions, a
gap and a unique (in the thermodynamic limit) ground state.

Figure 3.1: A Valence Bond.

The key to the model is the idea of a valence bond. Giventwo spin-1=2's, a valence
bond is formed by putting them in the singlet state "# #", asrepreseted in Fig. 3.1.

As depictedin Fig. 3.2, considera spin-1 chain. Eadh spin can be regardedas the
symmetric part of the product of two virtual spin-1=2's
1 1

= > = 0 1
2 2

! Antisym: | Symmetric

We construct a state with a valencebond betweenead pair of adjacert sitesi andi + 1
by forming a singlet out of one of the spin-1=2's at site i and one at site i + 1 (this also
presenesthe translational invariancein a simpleway) [1]. After doing this we must sym-
metrize the two spin-1=2's at ead site to restorea spin-1at ead site.

If we label the virtual spinsat ead site and , the state of the spin at a given site
is



3.1. The Basics 17

Figure 3.2: Valence Bond Solid state (VBS).

IS |:=p—§(1 ijoi+jijoi)
for ; =";# whilejs i = js i denotethe samestate. This givesus an orthogonal

basisin the symmetric part of the tensor product (LHS refersto the real space,RHS
refersto the virtual space):

s
+1 = P=
. 2
0 = jsui = jsei
j1o= g

2

or equivalertly, we can apply the following projector over ead site to map the state to
the real space

P = j+lihs~ j + jOihsyj + jOihsy | + | lihsyy
Generalizingto di erent projectors P[i] for di erent sitesi:

X
Plil=  A[l® jsih | (3.2)

Sii;

wherethe elemerts of the matrix A denotethe coe cien ts in the projector P.

For a systemof two particles we can make the following construction
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X
JAK LTINZG = a2js s, (3.3)
1, 2
where" is the Levy-Civita antisymmetric tensor, it presenesthe rotational invariance
and cortracts two adjacen virtual spinsfrom di erent sitesto form a singlet. This kind
of state hasonly spin O or 1.

We construct the Hamiltonian H asthe sum of link Hamiltonians H; for ead site. If
we want to have (3.3) as ground state, we chooseH asthe sum of projection operators
onto spin-2for ead neighboring pair

X X 1

1 1
23i Sia + é(si Siv)?+ = (3.4)

i i 3
where S; are spin-1 operators. Obviously H 0, sinceH; are projectors. Therefore, if
we nd an state such that H;jsi = O for all i, it will be the ground state. Thus, (3.3) is

e ectiv ely the exact ground state for (3.4) with ground-state energyzero.

Consideringa chain of arbitrary sizeN, this ground state can be written asthe sum of
tensorproducts of statesjs;i Jsal with the coe cien ts ¢, .., expressedsproducts
of matricesA[1]! ::: A[N]®V, i.e.,amatrix-pro duct state. This canbe easilyseenwhen
we map explicitly (3.3) to the real spaceusing(3.2)'s at ead site for genericcoe cien ts A.

3.1.2 MPS from slightly entangled states

Another approat to MPS is [37] by G. Vidal, deweloped independerily to previous
works. There, a particular decomposition for the coe cients of an arbitrary state is
introducedj i 2 H," in the computational basisfj 0i;jlig

- . ﬂ ﬂ .- . . -
ji= G, i)l Jinl
i]_:l in:0

X _ _ _ _
Ciaiz in = [ [, =, 2,6, nln, (3.5)

1 ,n 1

It is obviousthat by cortracting $ 'sor $ 'stogetherwe obtain (3.1).

The motivation of [37] is to shav that any quantum computation with pure statescan
be e cien tly simulated with a classicalcomputer provided the amourt of ertanglemen
involvedis su cien tly restricted. We will only descrile the state decompsition and nish
with a brief justi cation of the work.
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This decompsition can be found for all possiblestates. It consistsof a concatenation
of n 1 Sdimidt decompositions and dependson the particular way qubits have been
orderedfrom 1to n. We start with the rst SD of ] i at the partition 1:2:::n

(1] .j [1] ,ij [2:::n] i
X _
[1]" [1] ,jiddj [2:::n] i

i

i1 1
and we have expandedead Sdmidt vector for qubit 1 in the terms of the computational
basis. Then we proceedas follows:

1. expandeat Sdmidt vector for qubit 2,i.e.,j [2:::n] ,i, in alocal basis
X

j [2:::n] i = Jiglj [3:::n] i,
i2
2. write j [3:::n] ,i,i in terms of the at most Sdimidt vectorscorrespnding to the
partiton 1 2: 3:::n for the secondhalf!

. - x 1 . .
j [B:in] 4,0 = [21"2, [2].j [8:::n] i
2=1

3. substitute this in the previousdecompsition of j i to obtain

X i i . . . .
ji= (11" 10, [21"% , [2] ,iiddzif [3:::n] i
Iterating thesestepsfor the Scmidt vectorsj [3:::n] ,i; j [4:::n] i;::0; ] [n], ,i
onecan nally express i as
j I = [1] lll [1] 1 [2] |21 2 [2] 2 [3] |32 3 [ n]lnn 1]'1 Inl
i1, in

Contracting $ 'sor $ ‘'stogetherit canbe readily identied with an matrix-
pro duct state.

Hence,(3.5) reexpresseshe 2" coe cients ¢, i, ofj i in termsof about (2 2+ )n
parameters,i.e.,
n qubit state $ n exp(E ) parameters

where E is an ertanglemernt measureintroduced in section 2.2. Therefore, this leads
to an ecient descriptionof j i if E scalesas O(log(n)), becausein that caseonly
poly(n) parametersare required.

1we can do this becausefj [3:::n] ,i,ig 2 spanfj [3:::n] ,ig
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3.1.3 MPS in DMR G

As we will seein the last sectionof this chapter, matrix-pro duct states alsoappear
in avery well known method that enablesusto treat quantum many-body systems,to an-
alyzeand understandthe physical properties of certain of thesecondensednatter systems
with unprecedeted precision[11]. This method is the Density Matrix Renormalization
Group [40] (DMRG), originally envisionedfor 1D systemswith short-rangeinteractions
at zerotemperatures,during the last yearsit hasbeensuccessfullyextendedto other situ-
ations[11]. This fact wasalready noticed by Ostlund et al. [25] who establishedDMRG's
mathematical foundationsin terms of the MPS for White's in nite algorithm [40]. The
standard DMRG method was originally introducedin a partially ad hac mannerwithout
fully understandingthe reasonsof its successbut with MPS there existsnow a coherert
theoretical picture of it which underliesQuantum Information Theory concepts[36].

3.1.4 Simple examples of MPS

The basicidea of MPS is to assaiate a set of d matricesto ead site of the system
(Fig. 3.3). The bounds between adjacert sites are represeted by the product of the
correspnding matrices. Through all this work, the physical picture we will have on mind
is an array of spinseither in a chain for OBC or in aring for PBC.

Figure 3.3: MPS are based on a local description.

For a clearerunderstandingof MPS and their notation, we will give three simple ex-
amplesof thesestatesshowing their corresppnding matrices. We particularly considering
PBC and equaldimensionD for all the matrices. Dealing with qubits, we have that the
physical dimensionof our systemis d = 2, usingthe computational notation for the states
s=0;1.

State j000:::0i UsingdimensionD = 1, we have the one-by-one matrices:

Alil’=1 A[il*'=0

GHZ state jO00:::0i + j111:::1i UsingdimensionD = 2 we have:

. 10 . 00
A= 5 o All'= 4 4
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W state jO01i + jO%Oi + j100i1With D= %the matricles are:

1
100 10 000
AllP=@0 1 0A A2P=@0 0 0A A[@RP=@0 1 0A
000 001 001
0 1 0 1 0 1
000 000 100
A[ll'= @0 0 0A A[2F=@0 1 0A A[RF=@0 0 0A
001 000 000

3.2 Formal Asp ects

In this section we study two powerful instruments for working with MPS: the cal-
culation of expectation valuesand the de nition of the matrices A for a given state by
meansof a normal form. We follow with a di erent derivation of the normal form that
links seweral ideasand it is included for completenesf the picture. We start with the
calculation of correlation functions to launch an important tool: the transfer matrix.

3.2.1 Exp ectation values

Giventhe state (3.1), we would like to calculatethe expectation value of someoperator
O which is the tensor product of local operators O; for ead site i

o= Ol ON
Gathering what we have and using (A + B) = A|+ B |
xd W ' W , Y
N mpsJO] mpsi = Tr Ali]® Tr AliJ® s Oijsii
S1::SN i=1 i=1 i=1
sdunsd =1
we can arrangethis using Tr(A ”B) = (TrA)(TrB)
xd W W , Y
= Tr Alfil® Alil® s Oijsii
S1::SN i=1 i=1 i=1
s9usd =1
and also consideringthat (A, Bul)(Az B,) = AlAz# BB,
xd W , Y
= Tr Afil®  A[J® rsjOijsii
S1:1;SN i=1 i=1
s9usd =1

the trace commutes with the sum symbol since both are sumsand there is no harm in

putting together both prod%ct symbols 3

X ¥ i
=Tr mejOijsii Al]Y  A[i]®
spinsy =1
s§usd =1
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nally the sum over statess commnutes with the product over sitesi
2 3
wooXxd .
=Tr4 rejOijsii Ai]Y  A[i]S 9
i=1 sj;s0=1
and we make the following de nition:
xd
Eo, = hjOijsi Afil® ALY (3.6)

si;sP=1
wherewe baptize Eo, under the nameof transfer matrix , we end up having,
h mpsjoj mpsi = Tr[Eo, :11Eo,] (3.7)

Therefore, the calculation of expectation valuesof products of local obsenablesreduces
to the task of multiplying a set of transfer matrices and tracing the result.

3.2.2 Normal Form

To simplify seweral algorithms it is usefulto choosea particular set of conditions on
the MPS. Givena statej i, the choiceof the matricesA[i]* is not unique. For example,
the changeover all the A's

Afi® ' X[IJAIPFX[i+ 1] ?

doesnot alter the state they describe, for any set of non-singularX's. Therefore,we can
choosea gaugecondition(s) at ead siteto x any mathematical freedom(s)we have. This
conditions constitute the normal form .

Starting at the k-th site, the conditions are slightly di erent if we move to the right

or to the left of it. The conditionsto the left of the k-th site in our 1D systemare
X
(AIT) Alil® = I (3.8)
X |
AP LAY = [T 1] (3.9)
where [ i] is a diagonal matrix with the correspnding eigervaluessorted in decreasing
order. To the right the requiremerts are

X
AT (AiT) = | (3.10)

Si

(AT [ 1AL = [i] (3.11)

X

Si

Introducing MPS as it was done by Vidal in [37], these conditions appear naturally.
For more on this seeappendix B.
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3.2.3 Transfer Matrix and Normal Form

This part is includedfor completenes®f the derivation of the normal form. The ideais
to obtain the sameconditionsthan beforeimposingsomeconstrairts on E,: an eigervalue
equation for the right eigervector and onefor the left eigervector, both correspnding to
the highesteigervalue of this transfer matrix. This will shedsomelight on how to obtain
the matrices A that obey the normal form.

For ead site i we de ned the transfer matrix Eq, in (3.6). When the local operator
O; is the identity |1 we will usethe following notation

Xd
E = A A[i® = EJi] (3.12)

si=1

We will considerthe caseof a translational invariant system,i.e., E[i]= E 8i; it is the
simplestbut results can be easily generalized.We obsene that E is symmetric under the
exchange of tensor factors together with complex conjugation. It can be shown that at
leastits eigervector with the highesteigervalue .x hasthe samesymmetry:

weset max = 1renormalizingthe matrix E and we assumehat it is non-degenerate
Ej i = ma i

complexconjugating and remenbering that 1« 2 R
Ej i = ma i

applying the ip operator F, which exchangestensor factors

FEj i = maxFj |

consideringthe symmetry E has,E = FE

“fief* =Tl

j o

we have assumedthat o« IS non-degeneratetherefore
ja=ji
and it hasthe samesymmetry asE.
The right eigenvectocorrespnding to the highest eigervalue (setto one)isj i ,

Eji=21i (3.13)
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According to the Schmidt decomposition, for any state j i there are orthonormal states
Jugi and jvki sud that:
X X
j i = m|jm|i = ijkai; K 0 8k

m;l k

We assumethe decompsition has full Sdmidt rank, i.e., its rank coincideswith the
dimensionality of the spacethe vector belongsto. There are unitaries U and V sud that

X
ji= (U V)jkki
k

wherethe fj kig are still orthonormal. Due to the symmetry of the problem mentioned
before,we nd that U = V (if the decompsition doesnot have full rank we have some
freedomin this matrices and can choosethem like that). Consequetly,
p— p_ X
ji=U U)X ) jKKi
k

where is diagonal and positive and its eigervaluesare the Scmidt coe cien ts of the
decompsition. We rede ne E asfolows
p— p— X X
pl:uy p]—:Uy E U U jkki =1 jkki
| {z } ok k

I E

therefore L 0
ASl  p—UY AS U = XASX !

which implies a changein the de nition of the A's. We obsene that this modi cation
doesnot vary the statej i.

Having X = DU, whereD is a diagonal matrix and U a unitary, givesus a hint for
nding the newA's: we shoulddo a singular value decomposition (SVD) of the old ones.
We keeponeof the unitaries asthe newA. Then, we needa secondcondition to uniquely
determine these matrices. This is becausein the SVD of A (A = VDUY) D is unique
but U and V are not. This procedure of the SVD will be explainedin more detail in
subsection3.4.3.

Now considerthe correspnding left eigenvectoj' i,
HJjE = 1H j (3.14)

we canwrite it, analogouslyto previoussteps,like

X
iz (U U)Kk
k
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and doing the following rede nition of E

X X
oy y _ )
K PKK] FU U ZZE(U U? = K PKK]
k I E k
therefore
A1 UYASU

and this reassignmet doesnot changethe state i either.

We summarizethe generalcase(proceeding from right to left) in the following box, the
freedomswe have to choosethe matrices A[i]® giving no obsenable e ect on the state
they descrile:

| Freedom \ ., GaugeCondition |
Afi]* ! Al (AT) = 1,
X [IJA[T X i + 1] * il i=ji : ji= i  jKKi
X[t ULIX[i] ) o (ALY [ 1]A[i]siP: [ 1],
C Ulijunitary | Wi fE[il=H:j : jii= , [ilikki

3.3 Some physical prop erties

3.3.1 Decay of correlation functions

We want to calculate the correlation function betweensitesi andi +  of a general
MPS of a systemwith N sitesj yi: h yj L & j nyi=hl ¥ i . Weareinterested
in its behavior in the limit of a long chain asa function of the distance betweenthe two
sites. We will usewhat we have already learnedfor the calculation of expectation values.

We will obsene the following:

In an in nite and translational invariant chain, the correlation betweentwo
sitesdecas exponertially with the distance betweenthem

xd o .
j ni= Tr(A"*A"2::: A'N)jiqip iy
ipnnin =1
limh ! i I e°: c= const

N 11

Pr oof:



26 Chapter 3. Matrix Product States

Using our madinery for the calculation of expectation valuesand consideringthat, in
general,our state is not normalized, the correlation function that we want to calculateis

B Tr Ej:iiEE (EiIIEE i+ E :::E
N Tr E, :::E,
grouping equal factors we have a simpli ed version of this expression
_TrE| ‘EE 'E. E!
- Tr EN

using the cyclicly property of the trace operation Tr(ABC) = Tr(BCA) = Tr(CAB) it
reducesto

i+
X X

h i

_TrE.E 'E. EN T
- Tr EN
Choosingthe basiswhereE, is diagonalwe have

El = i fih Fjoo o 1 2 m
i=0
in the limit of an in nite chain EN is dominated by the term of the highest eigervalue

. N ' N. R. L.
N“ﬁ“ Ef ! o) olh g
Therefore,we obtain the expression
o 0 "t Trh §5jE E, 'E i | R
limhi i, =2 ol=i= —elo
N1 oN gl ol
that simplifying it
( ph6iEE, 'E i j§i
° h&j §i
and expressingE, ' alsoin the diagonal basis
0 thgiE j Tih HE . G
o 0 hbj §i
We can nally make the following appraximation for 1 and big enough:
o h 5jE ij Rih §jE i+ j Ri
imhi =i o] XIOL.ORJ_XJO
N1 h gl ol

1

. h&Ej Rih LHE . j Bi

H h5j Gi
0 0

We are now able to recognizetwo special cases:

If h §jE ,j §i 6 0 we only keepthe rst term and the carelationshavean in nite
range

If h 5jE ,j §i = 0we only keepthe secondterm and,as 1= o 1, the carelations
decy expnentiallywith .

which givesus the behavior that we wanted to shaow.
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3.3.2 Entanglement

We want to measurethe entanglemert of a pieceof chain with the rest of it. We are
goingto useas erntanglemen measurethe von Neumannenropy (2.2).

We erunciate the following result:

If we have a 1D systemof size N descrited by an MPS, sud that A[K]' 2
Mp p, andtakea piecewith longitudeL < N, thenthe ertropy of this smaller
block has2 logyD asan upper-bound independerily of the sizelL.

8] Mpsi . /A\[k]I 2 Mp p 8k; if L= Trsng Mpsih Mpgj
) S(.) 2logD 8L

Pr oof:

In general,our state is given by
%D
ji= A[IFLA[F2. it AN Ljsiijsoi oiijsyi
s1:sn =1

155 N 1

Using the following notation for the di erent blocks in which for conveniencewe have
divided our system

XD
H H —_ ST « - s S, H HER H
jomi = A[LPY citAlmo APt jsii iiljSy il
S1::Sm 1
15 m 171
%D
H . H .— S S H HEPR H
J my meLl = AlmpPr. rIA[m+ L 1]Tn+lL PR Y R ST
SmiiSm+L 1
m+1 35 m+L 171
XD
H : — Sm + S R H
| meLl = Alm+ LPmet o TAINPY tismerd iy
Sm+ L -:5SN
m+L+l s N 171

we can easily rewrite our statej i like

. - w . .. .. .
J I = ] m|J ms m+L|J m+L|
m; m+L=1
or its density matrix = j ih jas
= Jomil my metll mecih b b e madd

mi m+L

0-0 _
m> m+L_1
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Tracing out all sitesnot in our subsystemof length L, the matrix we obtain is

w - . -
L — J ms m+LIh ms m+LJ

mi; m+L=1

which hasas much rank D?, i.e., the largest number of columnsof | that constitutes a
linearly independent setis as much of this size.

For any state , we saw that the von Neumannentropy, measuredn g-dits, is de ned
as

S()= Tr( log )

X
S()= i logy

i=1
An upper-bound for the entropy is the caseof a maximally mixed state, i.e., 1= ;=
1= 1=R, whereR is the rank of the matrix

X oq

R
i=1

S() Iogj% = logyR

Therefore,for our | we have

S(.) logR. logD?= 2logD

independerily of the sizeL, that is what we wanted to shaow.

In practice S( ) will grow with L and saturate at avalueS( ;) 2logD.

3.4 An application: Calculation of ground-states

For concretenesswe will considera one-dimensionalarray of N spins, with open
boundary conditions (OBC), that interact via an Ising-type next-neighbour interaction
plus an external magnetic eld.

Figure 3.4: 1D spin chain
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Thus, the interaction is described by a Hamiltonian H with the following structure:

X i+l X i
H= Pt K (3.15)
i=1 i=1
where givesthe ratio of the strengths of the magnetic eld and the interaction between
sites.

We would liketo nd the ground state of this system. But, if we want to descrike
this quantum many-body system,we know that the number of parametersdescribingits
physical state grows exponertially with the number of particles, N. Howewer, during the
last decadese\eral numerical methods to describe certain many-body systemshave been
put forward. One of sudh methods is the so-calleddensity matrix renormalization group
(DMRG), which will be introducedin the next subsection3.4.1. There is a deepconnec-
tion betweenDMRG and MPS.

341 DMR G in brief

Density Matrix Renormalization Group [40] (DMRG) is a numerical technique for
nding accurate appraximations of the ground state and the low-lying excited states of
strongly interacting quantum lattice systems. It tracesits roots to Wilson's numerical
renormalization group (RG) treatment of the impurity problem [42] and it is weakly re-
lated to real spacerenormalization groups [34]. The accuracy of this method, with a
modestamourt of computational e ort, is remarkablefor 1D systemsand it is limited by
the dimensionality or range of the interaction.

Togivea avor, hereare fewideason somesimpler methodsto which DMRG is closely
related and the ideas that leadedto the following step:

Exact Diagonalization Gives an exact solution, but the maximum system size that
can be treated is se\erely limited by the exponertial growth of the Hilbert space.
Howewer, diagonalization algorithms work remarkably well for nding the lowest
eigervaluesof the large, sparsematrices found in quartum lattice problems.

) to formulate a variational diagonalizatiorschemehat also truncates
the Hilbert spaceusedto represem the Hamiltonian in a controlledway.

Wilson's Numerical Renormalization Group Integratesout unimportant degreeof
freedomprogressiely using a successiorof renormalization group transformations
(only the low-energyeigenstatesobtained for a systemof sizeL will be important
in making up the low-energystates of a systemof sizeL + 1). The generalsteps
are:

a) We start with a block of length L and its m (some pre xed number) lowest
energyeigenstatedfrom previous stepsas an approximate basis
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fi jigj=1:m
In the initial step, L is small enoughto exactly diagonalizethe Hamiltonian.
b) We add a new site to the block

Our basisis fj ijiig.
c) We project our enlarged basis onto a subspaceof dimension m, keepingthe
low-energystates of the systemand recovering a smaller basis

fJ j lg] =1::;m
The truncation schemeis iterated.

How to treat the boundariesof the isolated block after its enlargemen is crucial in
formulating an accurate RG procedure,it has beenthe main problem for Wilson's
method. Someideasto do this are:

Combinatiorof bounday conditionamethad: the newbasisis formedfrom apply-
ing seeral di erent boundary conditions to the edgeof the block and keeping
the low-lying eigenstates.

Superblack methad: the general behavior at the boundariesis provided au-
tomatically by enbedding the block of interest in a larger sugerblack. This
method is more promising for applications to interacting systems, but one
state of the superblock can, in general,project onto many statesof the system
block.

) DMR G choosesan optimal way to do this projection.

DMR G scheme It proceedsafter the enlargemeh of the block (step b in Wilson's
method) introducing an environment block, which is the enlargedblock's mirror
imageasit is assumedto have re exive symmetry

The total systemis what is calledthe superblack. The reduceddensity matrix of the

enlargedsystem(not the wholesuperblock) is built andits mostprobableeigenstates
are kept as the new basis. This last step is the so-calleddensiy matrix projection

The whole procedureis iterated until the quartities of interest (computed at every

step) have corvergedto the desiredaccuracy
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3.4.2 The Algorithm

DMRG canbe viewed asan iterative method that for a xed D determinesthe matri-
ceswhosestate ] mpsi minimizesthe energyin a variational sense.We explain in detail
how to do this.

We start setting all A[i] of the initial state with random entries. In general, these
Ali]'s are tensorswith three indices,i.e., A[i]! A[i]s,. ; where and run from 1 to
D ands; from 1to d. Remenber that making the following changein the AJi]'s doesnot
changethe state j mpsi:

Ali] ' Afi]l= X;Ali]X.,1 : Xi 2 Mp p
j mpsi ! J mpsi

Beginning at location i, if we are running the algorithm to the right we are looking
for a matrix AJi] sud that the following condition is ful lled:

X
Alilisy Alilis iy o= ;o (3.16)

S i

which is (3.8) written componert-wise. If we are goingto the left (3.9) reads
X
Al s )All] sy = ;o (3.17)

Si;

Conditions (3.16) and (3.17) can be thought as A[i] being a unitary matrix (they are
rectangular matrices so they are not proper unitaries) or that it is normalized (they will
lead to a normalizedstate). In general,Afi] will not be normalized. Therefore,we apply
to A[i] the normalization routine explainedin subsection3.4.3,which allowsusto nd
a unitary A[i]. We repeat this sequetially to ead matrix until we reat the end of the
chain and then badk until we have normalized all the matrices and being badk to the
initial one.

We construct the e ectiv e Hamiltonian at this site, which is the Hamiltonian asa
function of the matrix A[i] of the site we are at, and proceedto the minimization of the
energyin terms of this Afi]. How to do this is elaborated in detail in subsection3.4.4.
From this procedurewe obtain an optimal A[i] that minimizesthe energyof the state at
this step. We normalizethe state again and move to the next site to proceedin the same
way, until the energyE corverges.That is, the procedure is continued until a xed point
is reachal, somethingwhich always occurs since the eneigy is a monotonially decreas-
ing function of the stepnumtler [36]. This is a variational method which always converges.

At the end we have all the A[i]'s that describe the ground state of our Hamiltonian
and we can ewvaluate with them all expectation valuesas explainedin 3.2.1.

There is a generalizationto periodic boundary conditions (PBC). The main idea is
to assumethat the spins are in a ring con guration, so all of then are treated on the
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samefooting. The matrices A are determinedin clockwise order, then improve following
a courterclockwise ordering, then clockwise again, until a xed point is readed.

For the sake of readability we restrict our descriptionto OBC. As a reminder, in the
MPS (3.1) the A[i]'s are matrices whosedimensionis boundedby some xed number D
(the number of stateskept by the DMRG method) and d is the dimensionof the Hilbert
spacecorrespnding to the physical systems.Also, For OBC we havethat Dy = D; = 1,
SOA[LP = (A[1P)T and A[NTN = A[N]V.

3.4.3 Normalization

In general,giventhat A[i] is the \only one" not normalized, using (3.16) and C.2? we
have that:

. - Xd w . .
N mps] mpsi = Tr Alils;; Alils;
si=1 ; =1
xd
_ Tr AL A[iP® (3.18)
si=1

If a given A[K] is not unitary, then we proceedto its singular value decommsition
(SVD) (usually the normalization is run from k = 1to k = N, left to right, or from
k=N to k = 1, right to left):

AlKls o = UlK]eis s 00D Kl o oV K] o (3.19)
A[k]; (sk; ) U[k]; OD[k] O (sk; )OV[k](sk; )% (sk; ) (3-20)

Depending on which condition we ask to the A[k]'s, (3.16) or (3.17), we choosea de-
terminate partition for the indicesin the SVD, (3.19) or (3.20) respectively (the rst
correspndsto left to right and the secondto right to left normalization). As they are
similar, we will just work with one of them, lets say (3.20). For (3.19) everything can be
donein a similar way.

In (3.20), U[K]. o and V[K]s,: yo(s. ) are unitary matrices; D[K] o(s,. yo is diagonal,
but rectangular:
Diag 0
O Omn oy
As < (s¢; )% we cantake away somezerocolumnsso that we have a squarematrix
DIK] o o Now, V[K]s,: yous,: ) IS In fact of the samedimensionsas A[K] . (s, : )

VKl yosi: ) ! VIK] oogs: )

2In Appendix C: Normal Form implies normalized states for OBC
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and we can make the following identi cation
ALK]; (s = P[k]; @[k] g |V[k]{<;,(sk;}
X[k] * ATK]; (s

Therefore
ATk] = X [K]A[K]

Ak 1]:= Ak 1]X[k]?
and the state hasn't changed,as stated before.

3.4.4 E ectiv e Hamiltonian

Fixing our attention on site i, in general,the Hamiltonian H of the system can be
decompmsedin the following way, accordingto the partition depictedin Fig. 3.5:

H = H|_ + H|_i + Hi + HiR + HR (321)

Figure 3.5: Partition of the chain for site i

where:
H,_ refersto all the interactions within block A;
H.; refersto all the interactions betweenblock A and site i;
H; refersto all the interactions of site i alone;
Hir refersto all the interactions betweensite i and block B;
Hr refersto all the interactions within block B.
In our caseH hasthe form (3.15). Therefore:
h mpsjH] mpsi:(E,-lEjZEI )+(E|E,»2Ej3 ) + (3.22)
In referenceto the site i we are interestedon, we can decompseit in the following way:
h mpsiH] mpsl = AiI%.[i]Bi + FE i[i]Bi + GE|[i]ID; + CiE i[i1Gi
+  AE[i]B; + GE «[i]B; + GE[iID? (3.23)
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wherewe have de ned the following matrices which refer only to the rest of the sites:

Ai = E[1JE[2]E (3] E[i 1]+
+E[IE i [2]E i [3] Efli 1]+
fEQ Bl 3E[ 2E 0 1
Bi = Eli+1] E|N]
C = E[] E[ 1
Di = E fi+1E fi+2E[i+3 EN]+
FEi+1E [i+ 2 i[i+3] EJNJ+
+E+1 E[N 2E;N 1 ;[N]
Fo= B[] E[ 2E[ 1]
G = E,i+1E[i+2] EN]

A° = E ([1]E/[2] E[i 1]+
+E|[1E «[2] E[i 1]+
+E[1] Eli 2E «i 1]
DY := E«[i+1]E|[i+2] E|N]+
+Ei+1E «[i+2] E[N]+
+ Eli+1 EIN 1] «[N]

It is very important to realisethat:

The energyis a quadratic form of our unknown variable at site i:
N mpsjH] mpsi = AliPH OA[i]
whereAfi] = Alil(s .. ).

Recursiwe forms can be found for the matrices A;;B;; C,; ::: betweenthe di erent
sitesi.

If all the matricesA[j] are given, exceptfor the onej = i, then:

h mpstj mpsi

h mpsj mpsi
TriAE(]B]  TriRE ;[i]Bi]
Tr[AfJALIP]T  Tr[AlJADP]
TriGE(iIDi] | TrIGE i[l]Gi]
Tr[AQJALP]  Trl[A[JALIP]

Tr [A%E,[i]Bi + GE «[i]B; + GiE|[iID]]

Tr[A[I]ATLP]

E =

The dependenceof E on A[i] is cortained in the bold letters. Playing a little bit around
with the indicesit is possibleto put all the numeratorsin the form A[iPPM [i]A[i]. Adding
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up all thesecortributions (M [i];:::), we get an e ective Hamiltonian for site i which we
call H[i].

For the minimization of E in function of A[i] we have the following expression:

e = AlPHIIAT]

Al VAT (3.24)

Minimizing E with respectto Al[i] is equivalert to solving the eigervaluesequation:
H[i1Ali] = EATi] (3.25)

and we keepthe A[i] correspnding to the minimal E of the spectrum.

3.4.5 Writing the code

The program has beenwritten in C++ using MPSC++.

Why C++ and not someother programming language? The most remarkable reasons
for usto choosethis programming languageare:

It is object-oriented: it allows to designapplicationsfrom a point of view more like
a communication betweenobjects that in a structured sequencef code and it also
allows the reusability of code in a more logical and productive way

Its brevity

Allows modular structure: it can be made up of seweral sourcecode les that are
compiled separatelyand then linked together

Its speed: the resulting code from a C++ compilation is very e cien t

MPSC++ is a C++ library createdby J. J. Garca{Rip oll for working with Matrix
Product States. Theseobjects can be usedto accurately simulate large 1D quantum me-
chanical systems,sud as boson,fermionsor spin chains. In general,they can be usedto
compute ground states[36], thermal states[35], or do time ewlution [38, 35].

The program we have designedis capableof nding ground states of Hamiltonians
with nearest-neigbor interactions, that is, Hamiltonians of the form

X 1 X
H= Q] Qif+1]+ Q2]

i=1 i=1

with OBC, whereQ1][i] and Q2[i] are somelocal operators acting on site i. The program
implemerts the algorithm described in section 3.4.2, iterating over the lattice a xed
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number of sweeps. A more elaborate criterion for the number of stepscould be alsoim-
plemerted, by computing the changeof energybetweendi erent sweepsand conditioning
the quitting of the program to somepreassignednaximal energydi erence or tolerance.

We have also created a subroutine for calculating expectation values, specially with
the aim of evaluating correlation functions that can be comparedwith the literature.

3.4.6 Some results
We started with a very simple case,looking for the ground state of the Hamiltonian:
X Ao

i i+l i
z z + X
i=1 i=1

H =

of a short spin chain with N=10 sites. The matricesA[i]'s are storedin a text documernt.
We obsened, asseenin Fig. 3.6, that the energycornvergesvery fast with this algorithm
and we obtain very good results for a small value of D 5« (the dimensionD that our
matrices have) in comparisonto the value 2N which is of the order O(2N)  10°.

Also for longer chains we have obsered a fast corvergencewith a small dimension
Dmax for the matrices. Until the presen we have studied problemsof up to hundreds of
siteswithout problems.

For the sameHamiltonian, consideringa chain of 100spinsand di erent valuesof the
parameter , we have studied the behavior of the correlation function

Cux () :hi ;}* [ h)}ih ;}+ i
betweensite 1 and site 1+ , asa function of the distance betweenthe sites.

We have already seentheoretically what happensfor the caseof a translational in-
variant and in nite long chain when the distance is very big: correlations decay exyo-
nentially. This is exactly what can be obsened in Fig. 3.7 where we have plotted the
correlation function Cy, () asa function of the distance between pairs of sites. We
obsenedthat, at least, for parameter no longerthan 8=9 and distanceslongerthan 20
sites correlationsgo down to zero.

It is remarkable that the degreeof con dence (chi square)for ead tting was seen
to decreaseasthe parameter of our Hamiltonian increases.The explanation for this is
inside the model itself: our Hamiltonian is of the Ising-type [22, 27], which hasa critical
point at = 1. Very nearto that regimethe correlationsno longer decgy exponertially
but logarithmically and DMRG's accuracydecreasegwe start needinglonger D max ).

Howewer, it can be seenhow, as we approad the critical point, correlations have a
longerrange.
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Figure 3.6: Running the programme
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Chapter 4

Matrix Pro duct Densit y Op erators

Just like for pure states, to represemn a mixed state we needan exponertially large

number of coe cien ts
Xd

= TR PRIV | ERa N1 1| ERS IN)

[ERSNIN

jiinin =1

The succes®f the MPS represetation encouragesisto nd a similar represetation
for mixed states. This problem has already beenconsidered[35], bringing forth the class
of matrix product densiy operatas (MPDO),

xd
= Tr MAPSIM[2FS i MNTY S jsyiiisyins)iosdj  (4.1)
S1:11SN
s%unsQ =1

Matrix assaiated to site i Dimension of
andits statess; and s’, whose the Hilb ert space

M Ii]® s+ | dimension is bounded by d : | corresponding
some xed numberD? D2, . to the physical
They parametrize the state. system.

Herethe M's play the role of the A's in (3.1).

4.1 MPDO from MPS

A simpleway to introduceMPDO is through the classof MPS. This canbe doneusing
the conceptof puri cation [24], a purely mathematical procedure,which states:

If we are givena state * of a quantum system, it is always possibleto intro-
duce another system, a referene systemR, and de ne a pure state jARi for
the joint systemAR sud that # = Trgr(jARIhAR)).

39
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Then, if we have the state , it canbe puried into an MPS:

To ead physical systemjs;i we assaiate an ancillary state ja;i of dimension
di at mostdD;Dj.; [35], sud that the whole systemis in the pure state

X
ji= Tr (A[IPY*A[2F>%2 1 ANV ) jsiag; i sy awi (4.2)
S1:0SN
arinany =1

Theseancillary systemsform the so-calledreferencesystem. The MPDO is
obtained after tracing over the ancillas,

=Trg ihj
obtaining through this operation the following expressionfor the matrices M
of the MPDO
M= A[PP®  Afi]
a=1

Conversely the ancillary matrices A[i]¥? can be recoveredfrom the matrices
M [i]** by meansof an eigervalue decompsition [35].

For a given state , the number of di erent puri cations that we can realizeis in nite.

This is an inconveniert if we try to characterizea state through puri cations. Although,
the minimal puri cation (which hasthe minimal dimensionfor the ancillary system)is
unique up to unitary actionson the ancillary system.

4.2 Formal Asp ects

4.2.1 Exp ectation values

We supposethe casethat we are given the state (4.1) and we would like to calculate
the expectation value for someoperator O which is the tensor product of local operators
O, for ead site |

o= Ol ON

According to the density matrix formalism, we want to calculate

oI = Tr[O ]
taking what we have until now
Xd h .0 -0 I
= Tr O, On Tr MAPYSi:iiMNT SN sy :iisyihs):i:sl j
S1:SN

0....q0 —
siisy =1
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using the fact that the trace of a number is the number itself and that Trjaihly = hyai

xd

Tr MAPS MNP hed:i:sQj Oy OnjSy::iisyi
S1:0SN
sdunsd =1

or what is the same
xd

Tr MAPSI o MN]YSY 1sdjOyjsi he jOnjsn i
S1::5S
5(1’:1::;5,?‘,\‘:1

consideringthat hsjO;js;i are just numbers, we can reexpresshis as

xd
= Tr hedjOujs:i M [LP*™1 111 hed jOjsniM [N
S1IiSN
s9usd =1

the trace comnmutes with the sum symbol sinceboth are sums

0 1
Xd

xd
=Tr@ hsdjOyjsyi M 1P : hed jOn jsniM [Nk A

s1;89=1 sy isQ =1
and we make the following de nition:

Xd <0
Eo, = s Oijsii M [i]% (4.3)

si;s9=1

We baptize this matricesEq, with the nameof transfer matrix for MPDO. We usethe
samesymbol than for MPS, in casethere shouldbe madea di erence it canbe understood
through the cortext. Using this notation

Oi = Tr [Eo, :::Eoy,] (4.4)

Therefore, the calculation of expectation values of operators that are products of local
obsenablesreducesto the task of multiplying a set of transfer matrices and tracing the
result, asit happenedbeforefor MPS.

4.2.2 Normal Form

The dicult y to de ne entanglemen for mixed statesgivesrise to the many di erent
measuredo quartify it. The reasonfor this theoretical hardship lies on the fact that we
cannot easily de ne an analogueto the Schmidt decomposition for a generalmixed state
of a composite system. We also have that mixed statescan be expandedin terms of pure
statesin in nitely many di erent ways and it is not clear which decompsition, if any,
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should be favored.

In the caseof MPDO, due to the similar matrix-product construction, we have the
0

sameproblem than for MPS: given a state , the choice of the matrices M [i]¥°% is not
unique. In this part, we will try to construct a normal form for MPDO.

In an attempt to nd a standardform to de ne any MPDO, we start generalizingthe
precedinggaugeconditions for MPS to the following (written componert-wise)

X

M5 0 (4.5)

MOSS o[ 1] o

si;; O

X

[1] o (4.6)

where [ i] is a diagonal matrix. For the sake of readability we will just refer to the

conditions to the right. Thesetwo conditions are a must for MPDO, becausethe condi-
tions for mixed states do have to convergeto the pure-state conditions in the casethat
we deal with such a state: when M [i]5's" = A[i]¥ A[i]% 8 i, the expressiong4.5) and
(4.6) reduceto the onesfor MPS, (3.10) and (3.11) respectively. It also happensfor the
matricesin (4.2) when dealingwith puri cations.

As (3.10) for MPS givesa normalizedstate, the rst condition (4.5) alsoensuresthat
the trace of equalsone.

Howewer, these two conditions might not be enoughfor our purposes. At least, in
M [i]s" we have an extra liberty that we did not have in A[i]¥, that is a secondphysical
index s’. Also the dimensionality of the matrices s bigger.

The rst approad we followed wasto extend (4.5) and (4.6), including the casesvhen
s 8 s, to the following conditions:

X

MEPFS = o 4.7)
X si;s%;
M of[i 1] o = [i] o (4.8)
si;sd; 0
implying that
X
M[[™s = O (4.9)
X si ;06 s;
MY o[i 1] o = O (4.10)
si;s%8si;; O

Therefore, (4.9) and (4.10) would give us additional constrainson the A[i]®'s in the case
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of a pure state:
y
Al A = O
si;s98 s
(A" [0 LAY = O
si;s%8 s;

But in general,an MPS doesnot have to ful | theseconditions. What we are doing is
restricting ourselhes to statesthat do satisfy this and not consideringall the possible
statesas we would like to.

We changedirection and start asking ourseheswhat do we know alout thesematrices
M [i]. The rst we think of are the conditions a density matrix hasto obey [24]:

1. It is a positive matrix, 0
2. Its trace equalsone, Tr =1

The secondcondition we already know how to attain it. For the rst one we start
with a lessrestrictive condition: hasto be Hermitian. Consideringthe expression(4.1),
its adjoint matrix would be

xd

Y = Tr MAPISIM 22 M NTRSY s 1iisyihsd:iisdj
S1::SN
sdunsd =1
If = Y and we are looking for a unique represetation, our normal form should take

into accoun that
M = M (4-11)

whosephysical meaningis that is Hermitian, i.e. its eigervaluesare real.

Going badk to expression(4.1)
xd

Tr MAPSIM[2P5%2 0 MNP S jspiiisyihsd:iisyj
S1:SN

0....c0 —
sjisy =1

the numbersthat we useto label our siteshave no physical relevancefurther than ordering
our system. Consequetly, from which end do we start numbering should not matter.
Therefore, our state above must be the samethan

xd

Tr MINPVSR ot M[2F2M AP jsyiiisyihsd:iisyj
S1:SN

0....c0 —
sjinsy =1
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consideringthat the trace of squarematricesfulls Tr[A] = Tr[A”]

xd <0 .<0 <0 . . .
= Tr MINPNSN oM [2F2S2M 1P jspiiisyihs):iisy ]
S1:00SN
s9unsd =1

and that the transposition of product of matricesis sud that (AB)> = B> A~

Tr MAPSP M2 1 M[NJVSR> jspiiisyinsdiiisdj
S1:SN
s9usd =1

this together with (4.1) leadsus to concludethat matricesM [i]5%', in the represemation
we are looking for, are symmetric

MiJ s = M[i]%s> (4.12)
Now, lets pay attention both (4.11) and (4.12) together, written componert-wise:

M, a0 0= Milss . o ¢
MIi]s, ; 00 0= MIi] o, 0s?

combining them we have that M [i] is Hermitian
MI[i]= M}’

i.e. M[i]s; ; o0 0= MJi] o0 o5, , and as a consequence normal matrix M[i[M[i}¥ =
MI[iPM[i]. This fact allows us for its unitary diagonalization, that written componen-
wisereads X

MIi]s; ; o0 0= Uli]s, : DI[i]; U[i]; oo

assumingthat M [i]'s" are positive maps

X q q
=" Ulils,; DI[]; DIil; Ulil, wo

where runs from oneto angnuch the rank of M [i], which is no greaterthand D D.
De ning A[i]* = U[i]s, ; DIi]; wehave

0 X 0.
M = A AR

which is equivalernt to usethe processof puri cation descriked in section4.1.

We have reducedour problem of characterizingthe matricesM [i] to the useof puri -
cations. The advantage of this is that we canalways nd a puri cation for any state, the
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disadvantage is that there is an in nite  number of them possible.

We areinterestednow in xing the puri c ation we will use. We canalways do this in a
straightforward manner, aswe will shav now. Giventhe state , we look for its diagonal
form: X o

= pi jihjj
j
given that there is no degeneracythis decompsition is unique, we will assumethis con-
dition. Then, we construct our puri cation like:

.. X p_—, . ..
J 1= pj (J jI J j|ancilla)
j

With this procedurewe have overcomethe problem of xing the ancillary system. Now
we look for j i's matrix-product represemation

xd
ji= Tr A[APYSTA[FZS i AN js;82:::sy sy
S1,.5iSN
s9;sd =1

which is symmetric under the excdange of indicess; $ s° over all i's, and from there
construct matrices M [i]
xd
M = AfiT® sP A[i]s.;s?

sP=1

which are now unique under this speci cations and by constructionful | all the conditions
that were establishedbefore.

4.3 Entanglement in MPDO

As wesaw in section2.3.1,an easily computablecriterion for detectingentanglemern in
mixed statesis the partial transpose(PT). It is consideredeasy becausat consistsof only
two operations: transposition of one\part" of the systemand diagonalization of the re-
sultant matrix. But certainly, asthe sizeof our systemgrowsthis becomesa di cult task.

On the other hand, this criterion might be appliedto MPDO in an e cien t way.

Considera generalstate of two parties A and B

X
— . . 0 . . . O .
= saisd a0 JSaiNsa]  jsgihsg]
S 1sQ
Sg ;3
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if we transposesystemA we obtain
X
>A = 0.s, .50 jSaiNsa]  jsgihsyj
= sa;s0:se ;88 1SAINSA)]  JSBINSE]
Sa ;S8

Sg ;S5

ass, and 52 are dummy indicesthis is the samethan

X
> — - . 0 . . . 0 .
A = sais0isa 50 JSaiNsA]  jsgihsg]
8 isa
sg ;89

Translatedto MPDO, we only have to make the following change
M 1 M
over all sitesi a ected by the transposition.

Accordingto our normal form, our matricesM [i]% " are positive maps. This condition
automatically implies that is positive, but the opposite doesnot have to be necessarily
true. We expect that the matrices we obtain from our normal form? do ful | this, i.e.

M[i] O, 0

Altogether this would meanthat, to apply the PT criterion on an MPDO, we would
only have to do the changeM[i]®s’ | M [i]*"s and test the positivity of the new M [i].
If D is xed, the cost of the operation for every matrix is xed and for it would only
meana linear growth with the sizeof the system.

10r somede nite set of matrices M [i].
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Conclusions and Outlo ok

The goal of this thesis has beenthe characterization and detection of erntanglemert
in mixed states, a fundamenal problemin QIT. With this purpose,we have investigated
the very promising formulation for mixed states known as MPDO, which we have tried
to put into a more completeframework.

We have reviewed and analyzedthe known resultsfor the MPS{represenation for pure
states. We have tracked its roots through di erent perspectives, which have given us a
deeper understandingof what this represemation actually meansand what it is good for.
It hasbeenshawn that there existsa robust formulation for de ning the states, detecting
erntanglemert and performing calculations of practical relevance. We have also studied
somephysical propertiesthat naturally arisefrom this classof states. As an application of
this formalism, within the frame of a real setting, we have introducedthe DMRG method.
The formulation of DMRG in terms of MPS has provided us with a more profound under-
standing of this numerical technique. We have given a detailed description of the DMRG
algorithm we have implemerted and we have also presened someof the results we have
obtained.

Using this pure{state formalism asbadkground, we have worked on the formal basisof
the mixed{state formalism. We introduced MPDO as a natural extensionof MPS to the
caseof mixed states. In particular, we have shovn how to calculate expectation valuesfor
this statesand we have alsogiven a possibleway of characterizingthe matricesthat de ne
them. We have donethis characterization basedon our previous knowledgeof MPS and
the puri cation technique. We are aware that, in the generalcase,this characterization
may not be the optimal one (in terms of the dimensionD).

Finally, we have analyzedthe implemenation of the MPDO{form ulation in the task
of detecting entanglemert in mixed stateswithout major success.

The challenging problem for future work consistsin nding an optimal characteriza-
tion of the matricesin MPDO, independert of any nonphysical freedomthat could be
mathematically encourtered. Instead of using puri cations, it would be more desirable
and convenient to be ableto nd thesematricesfrom any other set of matrices de ning
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the samestate we are interestedin. For that we would needa procedure as the SVD
in the caseof MPS. It remainsto be seenif sud formulation canlead usto an e cien't
enanglemert{detection stheme.

The detectionand characterizationof ertanglemert in mixed statesis a very interesting
problem, dueto its importancefor the developmen of a completetheory of entanglemen.
We ervisagecortinuing actively in this track in future work.

In any case,we hope that the presen work helpsto elucidatethe basicsof the matrix-
product formalism and we wish this techniques nd further applications with all the
successhey have attain until the preser.



App endix A

Notation and review of selected
topics Iin Linear Algebra

A.1 Basic Mathematical Notation

N* the positive natural numbers

C the complexnumbers

Ccn complexvector spaceof complexn-vectors,M .1

A vector 2 M1

M min m-by-n complexmatrices

M n-by-n complexmatrices

I identity matrix in M,

O zeromatrix in M.,

A matrix with the complexconjugatesertries of A 2 M,

A transposeof A 2 My

AY Hermitian adjoint of A 2 M p,.n, A”

Al inverseof a nonsingularA 2 M,

AL unique positive semide nite squareroot of a positive semide nite A 2 M,
Kronedker (tensor) product
direct sum

span(S) spanof a subsetS of a vector space

Tr[A] traceof A2 M,

a.= aisdened asb

A.2 Selected topics in Linear Algebra

For a more detailed accoun see[24, 9, 1§].
Rank If A2 M., rank A is the largest number of columns/rows of A that constitute
a linearly independen set. This set of columns/rows is not unique but the number
of elemens of this setis unique.
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Unitary matrices A matrix U 2 M,, is saidto be unitary if UYU = |. This is equivalent
to the following statemert: the columns/rows of U form an orthonormal set.

Determination of Eigenvectors and Eigenvalues It is equivalert to the matrix di-
agonalizationfor A 2 M,,, consideringa matrix A that can be diagonalized. Each
eigervector is paired with a correspnding eigervalue. Mathematically, two kinds of
eigervectorsneedto be distinguished:

Righ t Eigenvector , de ned asacolumnvectorj Li satisfyingAj ki = j ki
Left Eigenvector, de ned asa columnvectorj i satisfyingh |jA = ;h!]j

If i = j, then both eigervectors correspnd to the sameeigervalue. The following
result is known asthe principle of biorthogonality:

If j Li and ] jLi are the correspnding right eigervector and left eigervec-
tor of A with eigervalues ; and ; respectively, then

hijAj ki = h1j(id &)= (bl ki)
= (hii gi= j(hij gi)
Since ; 6 ; weendup with
h J.|_j iRi =
that is,j Li and]j jLi are orthogonalfori 6 j.
Therefore, _ _
h UAj RI= i
and we can write A as X o
A= il riN L
where ; arein generalcomplexnumbers. This is the most generalway of writing
the diagonalform for matrix A.

If A = AY, then left eigervectors coincide with right eigervectors and we are left
with the more familiar expression
X

A= i 'ih T
where ; are all real numbers.

Singular Value Decomp osition Let A be a squarematrix. Then there exist unitary
matricesU and V, and a diagonalmatrix D with non-negatiwe ertries sud that

A=UDV

The diagonalelemerns of D are calledthe singular valuesof A, i.e. the eigervalues
of j A j:= (AYA)*? courted with multiplicities.



App endix B

Normal Form for MPS from the
Schmidt decomp osition

The normal conditions that we have treated before,arise as a natural consequencef
the decomposition introducedin section3.1.2,aswe will seein the following.

We start partitioning the systemfrom the left end This will give us the conditions
for normalizing the state starting from that point.

For partition 1:2:::n we have

. . x - .e .
j = [1] . [A],i [2:::n] i
we can expandeadt Scmidt vector for qubit 1 in terms of the computational basis
X .
j[Al,i= [1] " jiai
i1
due the orthonormality of the Schmidt vectors and of the computational basis, we

have
X

h (1] [1],i (4] % [1] ", i

(1% 1", g,

S

making the identi cation [1]'t = A[1]* we nd

X y
A[LF AL = |

S1
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Appendix B. Normal Form for MPS from the Scdimidt decomposition

For partition 12: 3:::n we have

X
ji=

[2] .j [12] 1) [3:::n] i

2

we canexpandead Sdimidt vector for qubits 1 and 2 in terms of the computational
basis X
j[2],i=

[HENP

[1]'% [1], [2]"2 jiaia

due the orthonormality of the Schmidt vectorsand of the computational basis, we
have

. . X i0 i i i
h[12]g [12],i = [ [ [We [1], [20% 127,
1, 2
il;itl)
iz;ig
X h?jilihigjizi
- [ [ [y 1, [20% 027,
1, 2
i:;ié
X | . | i‘l’il ig.iz
=Dt e WL R
15 1
i1ii2

making the identi cations [1]' = A[1]* and [1],[2]'2 , = A[2]Y, ,, and using
the previousresult for A[1], we nd

X
(A[2F*)" A[2]> = |

S2

Iteratively we nd that for any particle i

X . .
(AT Al =

Si

just asour rst gaugecondition (3.8).

Going badk to partition 1:2:::n

X
ji=

[1] .0 [ .0 [2:::n] i
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we can expandead Scmidt vector for qubits 2:::n in terms of the computational
basisfor qubit 2 and the Sdmidt vectorsfor the rest3:::n

X .
j [2:::n] Ji = jioi [2]1'2, [2] ,J [3:::n],i

i2; 2

due the orthonormality of the Sdimidt vectorsand of the vectorsin the computa-
tional basis,we have

X 0 ‘
h[2::n]gj [2:::n] i = hidji.i [2]'29 0 [21%, [2]9 [2],
X,Z ) h[3:‘::n] of [B:::n] ,i
= i1, [2]'29 o [21%, 219 [2], 9,
XL
= [21% ,[21% , [2], [2].,

therefore

(11,021, [, 2%, 2, 2,= [, 1,

i2; 2

we obtain the last expressionmultiplying by [1] o [1] , on both sides. Then,
making the identi cation [1],[2]'2 , = A[2]2 ,and [i], [i], = [i], ,, where
[ 1] is a diagonal matrix that we assaiate to site i, we nd

X
Al2F* [2] (A[2F?) = [1]

S2

For partition 12:3:::n we had

X
ji= [2] .) [12] 1) [3:::n] i

2

we can expandead Sdimidt vector for qubits 3:::n in terms of the computational
basisfor qubit 3 and the Scmidt vectorsfor the rest4:::n

X .
] [B:::n] i = jisi [3]'32 , Bl [4:::n] i

i3; 3

due the orthonormality of the Schmidt vectorsand of the computational basis, we
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have
X 0 .
h[3::n] g [B:::n] i = HGisi [31% 0 [81%, , [8]3 [3],
X,s h[4:::n] of [4:::n] ;i
= g By B, Bl Bl g
X
= [31% , 81", , 8], [3],

therefore

[21,[81% , [21, 181", 8, Bl.= [2], [2],

i3; 3

we obtain the last expressionmultiplying by [2] 9 [2] , on both sides. Then,
making the identi cation [2] , [3]", , = A[3]s, ,and [i], [i], = [i], ,, where
[ 1] is a diagonalmatrix that we assaiate to site i, we nd

A[3F [3] (A[SF*) = [2]

Iteratively we nd that for any particle i

X
Al [ITAIF) = [T 1]

Si

just as our secondgaugecondition (3.9).

Next, we follow partitioning the systemfrom the right end This will give us the
conditions for normalizing the state starting from that point.

For partition 1:::n 1:n we have

X
ji= (n 1], ,j [X::in 1), i) [n], i

n 1

we can expandead Sdmidt vector for qubit n in terms of the computational basis

. . X 1 e .
jInl, . i= [n]" jisi



Appendix B. Normal Form for MPS from the Scdimidt decomposition 55

due the orthonormality of the Schmidt vectorsand of the computational basis, we
have

hinlg,jnl, i [nl% [P il

>
SO

= ol ol g,
R

(% [0l = g,

n

in

making the iderti cation [ n]" = A[n]" we nd

X y
A[n*™ A[n]Pr =1
S1
For partition 1:::n 2:n 1n wehave
X
n 2

we can expand eat Scmidt vector for qubits n 1 and n in terms of the compu-

tational basis
X

j [n 1n] n 2i = [n 1]inn 12 no1 [n 1] n o1 [ n]inn 1jin 1ini

n Lin 1iin

due the orthonormality of the Sdimidt vectorsand of the computational basis, we

have
hfn 1n]lo j[n 1n] ,i= [n 1]”an1221
n 1;21
in 1% 4
HIY

[(n 1y, 0 Ug, o2, 0% (o,

O jin 1ihi%ini

X 0
= n 1]%* o
n 2 n 1
n 1;21
in 1i%
;i9

[(n 1y, I g, o2, , 0% (o,

X In illn 1 |rqin
—_ 1
= N 11% " o
n 2 n 1
n 1 2 1
in 1;in

(n 1y, g, [ A, 0y (a7,
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therefore
X in 1 in 1 —
[n 1% In afy o1, 1], .=
inl
n 1

wherewe usedthe previousresult for [ n]. Making the identi cation
[n Ifro [0 1], ,=A[n 1f~t  wend

X
Aln  1F *(A[n 1 1)Y= |

Sn 1

Iteratively we nd that for any particle i

X
AliT™ (ALIT) =1

Si

just as our gaugecondition (3.10).

Going badk to partition 1:::n 1:n

ji= [n 1], . [on 240 ], i

we can expand eadr Sdmidt vector for qubits 1:::n 1 in terms of the compu-
tational basisfor qubit n 1 and the Sdimidt vectorsfor the rest of the system

1:::n 2
X .

j [Q:oin 1], 0= jin 2 [0 2], ,[n A"t o j[liiin 2], i
in 1
n 2

due the orthonormality of the Sdmidt vectorsand of the vectorsin the computa-
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tional basis,we have

X
h[l::in 1]o j [1:iin 1], ,i= h® Ljin 40 [0 2] o,
in 1;in 1
n 2 n 2
21, .[n %', [n 1%,
h[l:in 2o j [Liin 2], i
= |0 1in 1 [n 2]0
In l;ig 1
n 2, g 2
0 )
[n 2]n2[n 1]In812§<1[n 1]Inn12n1 n 2n 2
= [n 2]n 2
In 1, n 2
[n 2] n 2 [ n 1]|”n 12 g 1 [ n 1]Inn 12 n 1
= 21 n 1
therefore
X i
[n 2]n2[n 2]n2[n 1]nn1221[n 1]nl
in 1, n 2
[n 1]t [0 1], ,=
= [n 1] n 1 [n 1] n 1

obtaining the last expressionmultiplying by [n 1] ', [n 1] o = on both sides.
Then, making the idertication [n 1]~ * ~ [n 1] ,=A[n 1f ¢ and

1. [1,= [il, ,, where[i]isadiagonalmatrix that we asseiate to 2siT[eli, we
nd X
(Aln 1F )’ [n 2A[n 1P *=[n 1]
Sn 1
For partition 1:::n  2:n 1n wehad
. . X . e .
ji= [ 2], .0 [I::in 2], i [0 In], i

we can expand each Sdmidt vector for qubits 1:::n 2 in terms of the compu-
tational basisfor qubit n 2 and the Sdmidt vectorsfor the rest of the particles
1:::n 3
X .
J [L:iin 2], i = jin 2t 0 3], ,[n 2”2 j[l:iin 3]
In 2
n 3

n 3
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due the orthonormality of the Schmidt vectorsand of the computational basis, we

have
h[l::in 2]o j [1:iin 2], ,i= hy ojin 2f [N 3]0 |
in Z;igz
n3;23
i0 .
n 31,.[n 2[%°, [n 2%
h[l:::Q 3o ,j[liiin 3], i
= 9 202 (N3l
in 20 ,
n3;g3
i0 .
3], .[n 2]%°, [n 22,
X (n)3n3
= [n 3]n3
in 2, n 3
[n 3]n S[n 2]inn239]2[n 2]inn23n2
= 22n2
consequetly
X i
m 38,, 0 3,,[n 2I"2. I 2,,
in2
n 3

[n 2]i”n23n2 [n 2]n2:

= [n 2] n 2 [n 2] n 2
obtaining the last expressionmultiplying by [n 2] o [n 2] =, onboth sides.
Then, making the idertication [n 2]~ 2 ~[n 2], 6 ,=A[n 22  and
1. 01,= [1i], ,, where[ i]isadiagonalmatrix that we ass@iate to site i, we
nd

(Al 2F" #)"[n 3N 2F 2= [n 2]

Sn 2

Iteratively we nd that for any particle i

(AT [ 1AL = [i]

Si

just asour gaugecondition (3.11).

Now we cansay more about thesematrices. Provided that the Sdtmidt decomposition
at eat step hasno degeneracythis decomposition:

f[1];::55[njg; £ [1):::; [n 1]g
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is unique, up to arbitrary phasesin the basisstates. Therefore,the matrices

are unique, up to the sameextend, givena xed j i.

59
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App endix C

Normal Form implies normalized
states for OBC

Condition (3.16) implies that, thinking that all our A[i]'s ful Il it:

h mpsj mpsi = h mpsjlj mpsi
= Tr LE|1 E|N ] "
Y Xxd
= Tr Al AP
o 1=l si=1 |
X xd '
= Tr All]s,: A[l] os;; 0
;om=El ;=L
¥ I #
AINT :sy: A[N] ogy; 0
sy =1
=1 (C.1)
The last equality comesfrom the fact that,I starting from the left:
X xd X
All]is ,; A[l] og;; 0 Al2] isy: AIN] os,; 0
0021 s=1 sp=1
P
As A[1]s, is a vector transposed,we have ; °= 1. So,inserting a D=1 - o after 21:1

makesno harm. Using (3.16) we get:

X xd
.0 A[2] s, A[2] os,: o

; 0=1 s2=1

And soon, until the endin the right sidewe nally get . o, where ; °= 1 asA[N]™
is alsoa vector. Therefore,

h mpsj mpsl = Tr[ : 0]

our statej mpsi is normalized.
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Appendix C. Normal Form implies normalized statesfor OBC
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