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Abstract

We develop a scheme for quantum computation with atomic many-body states.
The system we have in mind consists of a two-species interacting Bose-Einstein
condensate, which, under certain conditions, behaves like a robust two-level
system protected by an energy gap from higher excited levels. Using these
two states to encode the qubit, we show how to perform a universal set of
quantum gates by inducing energy shifts on the atomic levels, changing the
Raman coupling between atomic states and allowing tunneling between pairs
of condensates. Finally, we discuss the limitations of our scheme and find that
particle losses are an important source of decoherence.
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Chapter 1

Introduction

Quantum theory is already known for more than 100 years. The first ideas
suggesting that quantum theory could allow for models of computation that
are more powerful than the ones used in classical computation came up in the
beginning of the 1980s.

Richard P. Feynman pointed out in 1982 [1] that the simulation of a quan-
tum system of N particles on a classical computer cannot be done without an
exponential slowdown in the efficiency of the simulation. However, Feynman
proposed that this slowdown could be avoided by using a computer exploit-
ing the laws of quantum physics. In other words, a quantum system could
efficiently simulate a quantum system. Quantum computational models were
also constructed by Benioff [2] in 1982, but Deutsch argued in [3] that Benioff’s
model can be perfectly simulated by an ordinary computer.

Three years after the proposal of Feynman, in 1985, David Deutsch intro-
duced a complete quantum model for computation and gave a description of a
universal quantum computer [3]. He also devised the first quantum algorithm,
Deutsch’s two bit problem [3]. This was the first computational problem for
which it was shown that a quantum mechanical system, i.e. a quantum com-
puter, is superior to classical computers. Later on Deutsch and Jozsa [4] found
an extension of the algorithm yielding exponential speed-up compared to clas-
sical computers.

For almost 10 years, there were no major breakthroughs and quantum
computation remained a curiosity. This situation changed in 1994, when Peter
Shor introduced his quantum algorithm for factoring integers in polynomial
time, much more efficient than by any known classical algorithm. Shor’s algo-
rithm was not only a surprise for complexity theorists for which factoring is
an example of a hard problem for which no efficient solution was believed to
exist. It is also a Holy Grail for eavsdropping secret services, since the security
of the most popular public key encryption systems relies on the assumed diffi-
culty of factoring large numbers. Since then, a number of new algorithms were
discovered, the most prominent of which is Grover’s database search algorithm

[5]-
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These perspectives for practical applications motivated the search for po-
tential implementations of quantum computers. The basic requirement for a
quantum computer is a set of quantum mechanical two-level systems which
can be initialized, coupled and measured in a controlled way. Information
is stored in these two-level systems, named quantum bits, or qubits. Many
physical systems seem to be promising candidates for implementing quantum
computation, among those are single photons [6], quantum dots [7], atoms and
ions [8],9], superconducting Josephson junctions [10], and nuclear magnetic
resonance samples [11]. For a review see also [12].

One promising system for implementing quantum computation are neutral
atoms. In the last few years, a great progress has been done in the trapping
and manipulation of neutral atoms. For instance, the atoms may be cooled
to very low temperatures and atoms can be trapped and addressed individu-
ally. In addition, the atoms can be initialized and manipulated to a precise
quantum state. Therefore, over the last few years, several implementations of
neutral-atom computing, exploiting various trapping methods and entangling
interactions, have been proposed [13],[14] most of them based on neutral atoms
in optical lattices.

One of these proposals [9] is based on controlled collisions and on the
manipulation of individual atoms in a perfectly loaded lattice. With such
an device it is possible to build a universal quantum computer [9] or quantum
simulator [15]. The controlled collisions have been demonstrated partly by
Mandel et al. [16],[17]. However, this proposal has some problems, like the
loss of atoms, or most importantly, defects in the filling of the lattice, i.e. the
number of atoms per lattice site cannot be controlled perfectly.

To avoid the problem of defects, we present an approach to quantum com-
putation in which the qubits are encoded with atomic many-body states. A
promising candidate is a two-component Raman-coupled Bose-Einstein con-
densate. As it was shown in reference [18], that under certain conditions, this
system has an almost degenerate ground state which is separated from the
excited levels by an energy gap. The atomic ensemble then behaves like a two-
level system that could be used to encode a qubit. Furthermore, the properties
of these states are not very sensitive to the number of particles. We explore
the idea of using these two many-body states to encode a qubit and present a
scheme for quantum computation.

The thesis is organized as follows:

In chapter 2 we give a brief introduction to the basic concepts of quantum
computation. In chapter 3 we discuss the low-energy physics of a two-species
interacting Bose-Einstein condensate reviewing some work done in reference
[18]. We discuss the low-energy physics of this system and show that under
certain conditions, the system can be regarded as a quantum two-level sys-
tem.Chapter 4 contains the central part of this thesis. We present a scheme
for quantum computation where these two many-body states encode the qubit.



Inducing energy shifts on the atomic levels, changing the Raman coupling be-
tween atomic states and allowing tunneling between pairs of condensates, we
show how to realize a universal set of quantum gates. As an example we design
a protocol for creating a maximally entangled state, the singlet Bell state. In
chapter 5 we discuss the feasibility of the scheme. We analyze the experimen-
tal requirements for the preparation and initialization of the qubit systems as
well as for the realization of the quantum gates. In addition, we investigate
the effect of decoherence due to fluctuations of the number of particles on the
presented scheme.
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Chapter 2

Brief introduction to quantum
computation

One of the new interdisciplinary fields taking advantage of the possibilities of
quantum theory is quantum computation. The aim is to process and transmit
information exploiting the laws of quantum physics. We give here a brief
introduction to the basic concepts of quantum computing, such as quantum
bits, quantum operations and universality. For this chapter [19] and [20] may
serve as general references.

2.1 Quantum bits

In classical computation, the basic unit of information is the bit, which can
have two possible states, 0 and 1, e.g. realized by a full or empty capacitor.
Thinking about computation based on the laws of quantum mechanics, it is
natural to take as basic unit the corresponding quantum mechanical system,
i.e. a system with two basis states, usually denoted j0i and j1i. This can be
any (effective) two-level system, like a spin, some atom or ion in its ground or
an excited state, the polarization of a photon, or, as in this thesis, the ground
and excited state of a many-body system. In correspondence to the classical
bit, such an two-level system is called a quantum bit, or qubit [21].

The outstanding property of a qubit is, that, in contrast to the classical
bit, it is not restricted to be in either the state 0 or 1-as a quantum system,
it can be in any superposition of the state vectors jO1 and j 11,

o= joi+ jli (2.1)

with complex coefficients and ,j j2+j j2=1.
Talking of a single qubit, it can be useful to think of the qubit as a point
( ;) on a unit sphere called Bloch sphere. For this purpose, the qubit state
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jPqi (2.1) is rewritten in the form
j®1i = cos §j0i + €% sin 5] Li; (2.2)
where can always be taken real by properly choosing the unobservable global

phase. As illustrated in figure 2.1, j®4i can be represented by the unit vector
(cos sin ;sin  sin ; cos ), called the Bloch vector.

Figure 2.1: Bloch sphere representation of a qubit.

Still, one qubit is not enough for arbitrary computations. Therefore, let us
discuss some of the features of a N-qubit system. Quantum mechanics now
takes place in the 2/V-dimensional Hilbert space spanned by the product states
fj 00::0i;j01::0i;::;j11::1ig:! These states correspond to the classically possible
states formed by N bits. In the same way as for one qubit, a many-qubit
system can be in a superposition of all these states, e.g.

joni = ﬁ (jOO::0i 4 jO1:0i + i 4j11:1i): (2.3)
This superposition offers the possibility of using all classically possible states
as an input for quantum computation at only one operational step. This so
called quantum parallelism allows to run the computation on all 2%V classically
possible input states at the same time, which is one of the reasons for the
computational power of a quantum computer.

Apart from this quantum parallelism, which also exists for one-qubit sys-
tems, the possibility of superposition additionally offers a new resource (com-
pared to classical computation) within composite systems: entanglement. In
quantum mechanics, composite systems usually cannot be described by giv-
ing the states of all the subsystems separately, that is by a product state

!'The mathematical structure behind the composition of quantum systems is the tensor
product. Hence, a vector like |00..0) has to be read |0) ® .. ® |0) = |0)®™.
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joyi =j®li 1 joVi. Some of the characteristics of one subsystem may de-
pend on the state of the other subsystem, a phenomenon called entanglement.
Entanglement is one of the characteristics of quantum theory which does not
exist in classical physics. It seems to be a key resource in quantum information
and quantum computation [22]. A typical example for an entangled state is
the singlet Bell state

. . 1
jPpeul = 9—5 (joli j10i): (2.4)
Obviously, it cannot be written as a product of two one-qubit states,
[Ppeni 6 AjO0i + AjLi] [ gj0i+ pgjli]: (2.5)

In contrary, (2.3) is not entangled, since it is a product state,

GOi+j1i)®N: (2.6)

. . 1
1ON1 = oN/2

2.2 Quantum operations

Similar to the classical case where computation can be decomposed into a se-
quence of elementary logical gates like AND or NOT, the evolution of quantum
bits is described by the successive application of quantum gates. These are
composed out of unitary transformations and are therefore reversible. As for
classical logic networks, there exist universal sets of quantum gates: any logic
quantum gate, i.e. any unitary acting on arbitrary many quantum bits, can
be composed out of an entangling two-qubit gate, together with the arbitrary
operations on single qubits (single-qubit gates) [20].

Each unitary transformation corresponds to a rotation in the Hilbert space.
The generators of rotations in the two-dimensional Hilbert space are the Pauli

matrices
0 11, 0 i\ 1 0 ]
x:<1 0)’ yz(i 0)’ Z:<0 1)' (2.7)

Each of these matrices generates a rotation about the X;y; z-axis of the Bloch
sphere, respectively. Hence, each single-qubit gate can be described by a rota-
tion of the Bloch vector about a normalized axis ft by an angle

Rﬁ( ) = e—i%ﬁ&' = COS 5]1 i sin §(ﬁ~): (28)

Furthermore, each rotation within a two-dimensional unit sphere can be
decomposed into successive rotations about two fixed non parallel axes [20].
Therefore, for an arbitrary transformation of the state of one qubit, it is suffi-
cient to possess two sets of single-qubit gates corresponding to rotations about
two different axes.
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Two examples of single qubit gates that directly follow from a rotation
generated by one of the Pauli matrices (2.7), are the NOT gate (negating the
state of the qubit) and the phase-gate (where the state j 1i acquires a relative
phase ). They are represented by

(?é) <(1)e9¢>; (2.9)

and result from a rotation about the x- and the z-axis, respectively.

The most famous example of a “universal” two-qubit gate is the controlled-
NOT gate. It negates the state of the second qubit if, and only if, the first
qubit is in the state j1i. However, any two-qubit gate producing entanglement
out of an unentangled two-qubit state is universal [23],[24].



Chapter 3

Two-species Bose-Einstein
condensate

This chapter provides an overview of work done by Cirac, Lewenstein, Mglmer
and Zoller [18] in which they investigate the low-energy physics of a trapped
gas of bosonic atoms, with two internal degrees of freedom. The physical is
described in detail, followed by an analysis of its low energy physics, focusing on
the structure of the ground and the first excited state. As demonstrated in [18],
in a certain regime of parameters, these two states consist of a superposition of
two Bose-Einstein condensates, that is, they are Schrodinger-cat states. These
two states, which are later used to encode a qubit, are the basic elements in
the scheme for quantum computation we present.

3.1 Hamiltonian

We consider Bose-Einstein condensation of a trapped gas of N atoms that
are confined by a quasi harmonic potential, as e.g. realized by a magnetic or
optical trap. Each atom possesses two internal degrees of freedom, denoted
by jAi and jBi, which could represent two hyperfine levels. The two internal
levels are connected by a coherent Raman-like transition, jAi $ jBi. The
interaction between the atoms occurs via elastic collisions.

3.1.1 Quantum eld model

The Hamiltonian of the system is given by

HOZHAB+Hint+Hlas; (31)
where
s Gt h? 2 1 202 .
Hap = Y [d% Wloo | oior 2+ SM1BE] e, (3.2)
i=A,B 2M 2
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- A AhU., - N
oo = 3 [d% w0000 "0 (e (x): (33)
i,j=A,B 2
he o VU
His = o / % [ W00 T a(x)e A + Bl () Ta(x)e™ | (3.4)

The Hamiltonian H 45 describes the system in the absence of interactions.
The first term of H 45 refers to the kinetic energy and the second term to the
trapping potential. The frequencies are denoted ! 4; ! g for atoms in state jAi
and jBi, respectively.

The term H,,; describes the interactions due to collisions between the
atoms. The interaction strength U4 (Upp) characterizes collisions between
atoms in the same state jAi, (jBi), and Usp refers to interspecies collisions.
The interaction strengths depend on the scattering length aj¢ and the mass
M of the particles like U; = 4”;230; i = AA; BB;AB. Throughout this thesis
repulsive interactions are considered, i.e. the scattering lengths (and there-
fore the U;) are assumed to be positive. Furthermore, it is assumed that all
collisions are purely elastic and conserve the internal state.

The Hamiltonian H,,, describes a Raman transition induced by a laser or
a microwave field detuned by A from the Raman resonance. This Josephson-
like coupling induces a coherent transfer between particles in different internal
states at an effective Rabi frequency €2 > 0.

The operators \i/k(x) k = A; B; are bosonic field operators that annihilate
an atom in the internal state jKi at position ¥. They obey the standard bosonic
commutation relations

and  [U4(x);

3.1.2 Two-mode model

The Hamiltonian presented above cannot be solved analytically [18]. However,
for low temperatures and a low density of particles [25], the system can be
described by a two-mode model, leading to much simpler expressions for the
terms of the Hamiltonian (3.1). For this reason it is assumed that the bosonic
gas is cooled down to the ground state of the trap, so that the motional degrees
of freedom of the atoms are frozen. As a consequence, the spatial degrees of
freedom can be described by a single mode function, namely the ground state

o(X) of the trap. Therefore, only the dynamics of the internal levels jAi and
|Bi are relevant and the field operators are expressed as

Ta(%) = ox)a and Up(x) = o(%)b; (3.7)

where @; b are bosonic annihilation operators that destroy a particle in the
internal state JAi and jBi, respectively. They satisfy the standard bosonic
commutation relations [a;a’] = [b;bf] =1 and [a;h = [af;b] = 0.
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This two-mode model simplifies the multimode terms of the Hamiltonian
(3.1) to

Hag = h!  a'a+h! zbib; (3.8)
Hine = ; hU,, afalaa+ ; hUgp blb'bb+ hU,p a'blba (3.9)
Hos = h (abe™ +bae?); (3.10)

where the coefficients U; and | derived from those in (3.2, 3.3, 3.4) are given
by

U = /d3x U;j o(%)i' i=AA; BB;AB (3.11)

and = /d3x 21 = (3.12)
2 2
For the sake of simplicity it is assumed that the internal states jAi and jBi
are degenerate and that the Raman coupling is resonant, that is A = 0. In
addition, it is assumed that the trapping potential and the scattering length
do not depend on the internal state of the atoms.

Thus we set ! 44 = ! gB I, a¥, = agg ay and therefore UAA =
UBB Up. For convenience, one can define a5 & and Usp U;. Since
the number operator N = afa+ b'b commutes with the Hamiltonian, the total
number of particles is conserved and the term H 45 = h! N can be neglected.
Under these conditions, the two-mode model Hamiltonian reads

Ho = l;(](aTaTanr bbby + Ualbba  (alb+ba);  (3.13)

where we set h = 1. The Hamiltonian is invariant under the exchange A $ B.
This ideal symmetric situation is barely realizable in a real experiment, since
atoms in different hyperfine levels experience different Zeeman shifts in the
magnetic field, and therefore feel different trapping potentials. In general, if
' 4 & ! g, one can always compensate the potential difference, choosing the
detuning A =1 4 | g appropriately. For this reason it should be noted that
these simplifications only have a technical character. In [18] it is mentioned
that by appropriately choosing the detuning A, it should also be possible to
compensate for other effects, like the displacement of the traps with respect
to each other, due to the different Zeeman interactions, and to gravity.

3.2 Analysis of the two-mode model

Even the two-mode model Hamiltonian Hy (3.13) cannot be solved exactly
by analytical methods [18]. However, for studying the low-energy physics of
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Hy, a mean field approximation can be used. Within this approximation the
ground state of the system is studied. In particular, under certain conditions
the ground state is a Schrodinger-cat state. The Hamiltonian is diagonalized
exactly numerically for N = 200 and the exact numerical results are compared
with the mean field solutions. Over a wide range of parameters, the results
are in good agreement.

3.2.1 Mean eld approximation

A gas of cold bosonic atoms is a weakly interacting system. Therefore, in order
to obtain an analytical expression for the ground state, a reasonable approach
is to use a mean field Ansatz, where it is assumed that in the ground state of
the N-particle system, all the atoms are in the same single-particle state

j 11l = jAi+ |Bi: (3.14)
and are the probability amplitudes of the states JAi and jBi, respectively.
These probability amplitudes and satisfy the normalization conditionj j2+
j j> = 1: Thus, the mean field Ansatz for the ground state is given by the
condensate state
S 1 o
j Ni=] 1|®N:%[ a' + bVjvad; (3.15)
where jvad denotes the vacuum state.
The variables and  characterizing the mean field ground state (3.15)
are determined by minimizing the energy of the state j yi (3.15), i.e. the

expectation value h yjHq] ni. Depending on the parameters of the system,
the following solutions are obtained:

(a) U; < Ug : For the case where the A A and B B collisions dominate
the collisional interactions, one obtains = = % Hence, in the
ground state each atom is in an equal superposition between the two
internal states, so that the wave function is given by

1
j = pm[a +b'Vjvaa: (3.16)

The corresponding energy is Eg = N%N (U Uy) N.

(b) Uy > Uy : For the case where the interspecies collisions A B
dominate the collisional interactions one has to distinguish between two
regimes. They are characterized by A 1 and A < 1, respectively, where

the parameter
2
A= 3.17
N DU W) 47
is determined by the relative strengths of the laser coupling and the

collisional interaction.
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— (i) A 1: Inthiscase = = % and we again find the mean field
wave function j yi (3.16) with energy E, as in the case of U; < Uy.

— (ii) A < 1: In this case the solution is two-fold degenerate. The two

states are
i = p—%[ al+ B*Yjoi; (3.18)
bl = p%[ al+ B*Njoi; (3.19)
whee = [0+ 0 T &))" = PToAn)”

The corresponding energy is E = & [Uy(N 1) Al

The previous discussion shows that in case (b), U; > U, the parameter
A = m (3.17) determines the structure of the mean field ground
state. In principle, the scattering lengths and the interaction strengths U,
and U; are tunable by Feshbach resonances as will be described in chapter 5.
However, they are usually kept constant during an experiment. Hence, the
characteristics of the system can be adjusted by tuning the laser strength |
and thereby changing the value of A.

Throughout the thesis, we will consider the case (b), i.e. U; > Uy, for which
we demonstrated that under certain conditions, two mean field solutions for
the ground state exist. In chapter 4 we will use a two level system based on

these two states to encode a qubit.

3.2.2 Mean eld ground state in spin representation

In this section, the structure of the mean field ground states obtained in the
previous section is discussed in more detail. For this purpose, a spin represen-
tation of the two internal states of the atoms is introduced,

JAI 1 Ui oand jBi ! j#i; (3.20)

where the spin quantization is relative to the z-axis. In this notation, super-
positions of the two internal states of an atom may be pictured as

Pisidc i%i = jti+ | (3.21)
JI<]j: j&i = JU+j#I (3.22)
i o= p%j"i+pl—§j#i: (3.23)

The rotation angle of the spin, relative to the z-axis, depends on the relative
magnitudes of the absolute values of the coefficients and , that is of the
relative weight of the states j " 1 and j #1.
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Using this formalism, we can better understand the structure of the mean
field ground states by analyzing the Hamiltonian Hq (3.13) for the different
regimes of A in a qualitative way. In order to simplify the discussion, we write
here once more the Hamiltonian (3.13),

Ho = l;(J(aTaTanr bb'bh + U,a’blba  (a'b+ bia): (3.24)

Let us analyze the following cases:

A = 0: Rewriting the two degenerate mean field ground states jU¥i
(3.18, 3.19) in the spin representation, we obtain

j ]—ClAZO — jll i®N:jnllll ::II |
J Niamo = jHION =) s #i

Looking at the Hamiltonian (3.24), it can be easily understood why these
states are the ground states of the system. For A = 0, no laser coupling
between the two internal states of the atoms occurs. Thus, the last
term of Hy vanishes and only the collisional interactions determine the
structure of the ground state. Since we are in the regime U; > Uy, the
interaction energy is minimized when all atoms are either in the spin up
state or in the spin down state. Furthermore, since Uy4 = Upgp, these
two states must be degenerate.

A 1: The ground state jU’i (3.16) is represented by
jouio= gl i =jn AR (3.25)

In this case, the Raman coupling between the internal states of the atoms
is the dominant term of the Hamiltonian (3.24). The energy of this cou-
pling term is minimized if each atom is in an equal superposition between
j"iandj#i, ie jUi =j! i®V. This is exactly the configuration real-
ized in the ground state.

2
N

U,<U, |_>>N 1 A

U,>U, 1)

-

v

Figure 3.1: Spin diagram
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0 < A < 1 : Here, the two degenerate mean field ground states jU¥i
(3.18, 3.19) rewritten in the spin representation are given by

j Giao= j%iON = jri+ j#iEN
joNia o= &N =[ it jHiEN:

The rotation angle of the spin, more precisely and , only depends on A
(3.17). Qualitatively, this configuration of the spins can be understood in
the following way. The parameter A characterizes the ratio between the
strengths of the collisional interactions and the laser coupling between
the internal states of the atoms. Hence, in the intermediate regime 0 <
A < 1; the interaction terms of Hy (3.24) compete with the Raman
coupling. The mean field ground state continuously interpolates between
the two extreme cases for A = 0 and A 1. Starting from A = 0 and
increasing the strength of the laser coupling, the spin of each single atom
of the ground state is rotated from the positive j " i (or negative j #1i)
z-direction towards the X-axis (j! 1).

3.2.3 Beyond the mean eld appro ximation

The mean field solutions discussed in the previous sections are the lowest-
energy states fulfilling the mean field Ansatz j ni =] i®Y (3.15). However,
they are not the exact ground states of the system. In this section, a better
approximation for the ground state is given by making use of the structure
from the Hamiltonian (3.13). Hy is symmetric in the internal states and thus
invariant under the symmetry operator T,p, which exchanges jAi with jBi.
This means that in the case of no degeneracy, the Hamiltonian Hy and the
symmetry operator T4p must share the same set of eigenstates. The eigenval-
ues +1 and 1 correspond to states that are symmetric and antisymmetric,
respectively, under exchange of the internal levels. Obviously, the two degen-
erate mean field ground states j %i (3.18, 3.19) do not satisfy this condition.
Hence, a better approximation for the ground state in the regime A < 1, having
a lower energy, can be found by using the wave function

1

A<1: jU —
Nt

(I I IS BF (3.26)
for the variational Ansatz. These superpositions of two degenerate mean field
solutions j %i lead to two orthogonal quasi-degenerate states, which are now
eigenstates of T4g. Therefore, the symmetry of the Hamiltonian is now re-
flected in the ground state. From now on, we will not write the normalization

factor ny = \/2 (1 hy §)= \/2 (1 AVN) explicitly. *

'Keep in mind that because of ny # n_ we have [U+) + [U~) £ L) (for A # 0).
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The expectation value of the energy in the states (3.26) is found to be

CNZ N 2U, A2U; Uy AY(BU, Uy)

E.= : 2
- 4 1 AV (3:27)
Thus, the energy difference separating the two states is given by
1 A?
_ _ N-1 .

Therefore j¥*i has lower energy than jU~i, and for A 1 the two states jU¥i
are quasi-degenerate.

The mean field ground state obtained for strong laser coupling is already
symmetric in JAi and jBi, thus we define

A 1: Wi i (3.29)

3.2.4 Schrodinger-cat states

In this section the structure of the two states j¥*i (3.26) is analyzed in more
detail. Rewriting them as

juti = j iV ) ey (3.30)
jutioo= j ey o oiey (3.31)
one can easily see that they consist of a superposition of two macroscopic states
in which all atoms are in either the single-particle state j i = jAi + |jBi,

or in the single-particle state ] {1 = jAi + Bi. In literature, states of
this structure are known as Schrodinger-cat states.? They are characterized by
their coherent inclusion of macroscopically distinguishable states. Therefore, in
order to be a “good” (that is a macroscopic or at least mesoscopic) Schrodinger-
cat state, the two macroscopic states j i have to be as different as possible.
This requires that their overlap

=h 3 §i= "h{j %Y =AY, (3.32)
is as small as possible, i.e. 1, or equivalently that the “size of the cat”,
which can be defined as % is as large as possible.

As seen in equation (3.26), it is precisely in this regime of “big” cat states,
AN 1, that the two states j¥*i (3.26) are quasi degenerate.

2This expression is derived from the famous Gedankenexperiment of Erwin Schrodinger
of 1935 [26], in which he illustrated the problem that arises when applying the quantum
superposition principle to states of macroscopic systems. The two superposed macroscopic
states in the Gedankenexperiment where a dead and an alive cat.
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3.3 Exact numerical calculations

In the previous section the low-energy physics of the two-mode Hamiltonian
Ho (3.13) was investigated by using a mean field approximation and taking
advantage of the symmetry of the Hamiltonian. Now, the obtained analytical
results are compared with the exact results of a numerical diagonalization of
Hy. For this reason the structure of the exact lowest-energy eigenstates of the
Hamiltonian is discussed as the system is driven across the phase transition
to the Schrodinger-cat phase. We show, that outside the transition region,
the analytic expressions obtained in the previous section are very satisfying
approximations. Through the analysis of the energy spectrum, an insight into
the structure of the higher excited states can also be gained.

In all the examples of this section, the number of atoms is fixed at N = 200,

U _

and the ratio of the binary interaction strengths is taken i

3.3.1 Eigenstates

For the numerical calculation of the eigensystem of the Hamiltonian, the
Hamiltonian is represented in the Fock basis f [N ni4 jnig g; n=0:N,
where each state is characterized by the number of particles in the internal
states JAI and jBi. In this basis Hy is a real symmetric tridiagonal matrix
of dimension N+1 N +1. Thus, for a fixed number of particles, it can be
diagonalized by numerical methods.

Let us denote the eigenstates of the Hamiltonian by

N
jUi=>"c,jN niy jnig; (3.33)

n=0
with real® coefficients ¢! and the corresponding energies E; (i = 0;1;::;N and
Eo E; & Ex). For the discussion, it is convenient to also express the
approximate mean field states j*i, jU~i (3.26) and j¥’i (3.29) in the Fock
basis. Then the index i in (3.33) additionally runs over +; and ’. Using
this notation the validity of the approximated solutions is investigated and the
structure of the lowest eigenstates of H is discussed. The results are presented
in figures. 3.2-3.4.

The mean field calculations done in the previous section predict a phase
transition for A = 1 from a phase where the two lowest-energy states are
Schrodinger-cat states (A < 1), to a phase with no macroscopic superposi-
tions of the ground state (A > 1). Figure 3.2 depicts the B-atom number
distribution for the ground state j¥° as a function of A. The Schrodinger-cat
structure is observed, as well as the phase transition with a transition point

3Since H = H and H;; € R, Vi,j € {0..N}, we can always choose the eigenvectors to
bereal: Hv =X v = Hv* = * = w=v+v*; Hw = w and w; € R
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of Ay  0:97 for N = 200. Therefore, apart from the shifted transition point,
the structure of the lowest-energy states is well predicted by the states (3.26,
3.29) calculated by use of the improved mean field approximation.

Of central importance in the derivation of the approximated states was
the A-B symmetry of the Hamiltonian (3.13), i.e. the invariance of Hy under
the exchange of the internal states JAi $ jBi. This symmetry of the exact
eigentstate jU°i and jUli is depicted in figure 3.3. As for the mean field solu-
tions, the ground state is symmetric and the first excited state is antisymmetric
under exchange of jAi and jBi.

Figure 3.4 demonstrates the overlap between the mean field states jUi,
j¥’i and the exact numerical eigenstates as a function of A. It is observed,
that outside the transition region A A4, the states are in good agreement, so
that the mean field states (3.26, 3.29) are good approximations for the exact
eigenstates of the Hamiltonian (3.13),

Ay 1 U juti (3.34)
Ay 1 U juli: (3.35)

However, the mean field approximation is not valid in the vicinity of the transi-
tion point. This can be understood by the fact that the state structure obtained
by the mean field approximation should be valid in the limit N ! 1 | whereas
the numerical calculations are computed for a finite number of particles. As a
consequence, the phase transition occurs already for some A; < 1 and not at
A; =1, as predicted by the mean field theory (3.26, 3.29).

3.3.2 Energy spectrum

Figure 3.5 presents the numerically calculated low-energy part of the spectrum
as a function of A. For A below a critical value, the energies Ey and E; merge
and the two lowest states in energy become quasi-degenerate, as predicted for
the transition to the Schrodinger-cat phase in the previous section.

In order to analyze the energy spectrum, as well as the structure of the
excited states, in more detail the limiting cases of A = 0 and A A, are
considered.

For A = 0, the two lowest states in energy are degenerate. In addition,
the cat states are well separated from the rest of the spectrum. This can
be understood from the structure of the two states. For A = 0, the system
is in an equal superposition of the two states with either all atoms in the
state spin up, or all in the state spin down, jUi =" i®V j#i®N. A
possibility for an excitation of such a state is the flip of a spin, j "i $ | #i.
The energy one has to pay for that is Ag = (N 1)(U; Up). In fact,
this is exactly the same energy found by the numerical calculation of
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Figure 3.2: B-atom number distributions for the ground state (i.e., the coeffi-
cients jc)j? from the decomposition of j¥°i in the Fock basis (3.33)) for N = 200
(a) as a function of N and A, and (b) as a function of n and the values of A in-
dicated. A; = 0:97 indicates the transition point to the Schrodinger-cat phase
for A < A;. The quantities plotted are dimensionless.
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Figure 3.3: (a) B-atom number distribution for the ground state (i.e., the
coefficients ¢ from the decomposition of j¥° in the Fock basis (3.33)) as a
function of n for N = 200 and A = 0:5. (b) Same as (a), but for the first
excited state (i.e., ¢}). The quantities plotted are dimensionless.
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Figure 3.4: Overlap q = jhW,,.mj ¥imeanij 2 of exact numerically calculated states
with the approximated mean field states: overlap ¢ of j¥° with jUTi (A < 1)
and j¥'i (A 1), respectively, and the overlap g of j¥'i with j¥~i (A < 1) as
a function of A for N = 200. For A 1, no mean field approximation exists
for the first excited state.
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Figure 3.5: Low-energy part of the energy spectrum of the two-mode Hamil-
tonian Hy (3.13) as a function of A. All energies are measured with respect to
the ground state energy.

E, E;.* Thus, the second and third excited states emerge from the
ground and first excited state, respectively, by the flip of one spin,

jUST = j#ij ieNTL jrij #ieN (3.36)

The next two excited states (j\Ifgi) emerge from a second spin flip and
are energetically raised in the spectrum by (N 2)(U; Up), etc. These
spin-flip excitations also explain why the merging of the energy levels
for A < A; occurs within consecutive pairs of levels (see figure 3.5).
Note that the A-B symmetry of the states j¥% and j¥i is due to their
Schrodinger-cat structure. Therefore, the states arising from the ground
state are all symmetric, and the states arising from the first excited state
are all antisymmetric under exchange of the internal levels.

In the region where A A4, the energy difference between consecutive
levels increases linearly with A. As in the case A = 0, the structure of
the spectrum can be explained by assuming the excitations to be spin
flips. As described in section 3.2, this regime is dominated by the Raman
coupling of the internal atoic states, and the ground state of the system
is found to be j! 1®V, where the spin of each atom is pointing towards
the X direction. By flipping one spin of this state, j i $ j i , the
first excited state is reached, jij i ®¥~!. This state has an increased

4For A small (A < A;) the energy gap F> — E; can be approximated by A ~ Agv/1 — A2,
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energy of " = E; Eo AN 1)(U Uy =2 with respect to the
ground state. The next excited states are constructed analogously and
it is observed that the system as a whole behaves like a ferromagnet.

3.4 Summary

In this chapter Bose-Einstein condensation of a trapped gas of bosonic atoms
was described, where the two internal states of the atoms are coupled by a
Raman laser field. The low-energy physics of the system was analyzed numer-
ically and by a mean field approximation improved by symmetry arguments.
Hereby, it was focused on the case where the collisional interaction between
atoms in different internal states dominates the one between atoms in the same
internal state (U; > Up). It was demonstrated for A < A; that a phase tran-
sition to a Schrodinger-cat phase occurs, where A is a measure at the relative
strength for the coupling and for the collisional interactions. In this regime
the two lowest-energy states are formed by a superposition of two condensate
states, that is, they are Schrodinger-cat states. They are quasi-degenerate and
well separated from the rest of the spectrum. The approximated results are
in good agreement with the exact numerical solutions. Therefore analytical
expressions are available for the low-energy physics of the system.
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Chapter 4

Scheme for quantum
computation

In this chapter we present a scheme for quantum computation, using the ideal
two-species Bose-Einstein condensate, as analyzed in the previous chapter. As
we have seen, under certain conditions the system is confined to a subspace of
two states. In the first section of this chapter we discuss how these two states
can be used to encode a qubit: the basic element of any quantum computation
scheme. In section two we discuss how to manipulate the state of this qubit in
a controlled manner We show how to realize one-qubit gates as well as a two-
qubit entangling gate. Together, these form a universal set of quantum gates.
As an example, we describe the time evolution of the system that results from
using the gates to create a maximally entangled singlet state.

If not mentioned explicitely, we assume throughout the chapter that we are
in the regime of the Schrodinger-cat phase, that is A < A; and U; > U,.

4.1 Encoding a gqubit

The basic element of quantum computation is a two-level system: a qubit. In
order to be able to encode a qubit, we must identify a physical system that
acts as an effective two-level system.

We saw in the previous chapter that, under certain conditions (U; >
Up; A < A;), the two lowest-energy states of an interacting two-component
Bose-Einstein condensate are quasi-degenerate and well separated in energy
from the rest of the spectrum. Therefore, as long as perturbations are much
smaller than this energy gap, the subspace spanned by these two state is pro-
tected against perturbations. Thus, within the regime A < A; the Hilbert-
space of the system can be projected onto this two-dimensional subspace, de-
noted by T° = spanfj ¥ ;j¥lig.
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Figure 4.1: Encoding a qubit.

The states j¥% and j¥li are entangled many-body Schrodinger-cat states.
However, we will not investigate these states themselves, but, as illustrated in
figure 4.1, use them to encode the two states jOi and | 11 of a qubit.

Following the usual notation of quantum computation, we denote the two
qubit states by

joi j¥% and jli jUli: (4.1)

Projecting the Hamiltonian Hy (3.13) onto the subspace YTY of the two

qubit states, we derive the effective Hamiltonian

Hy =P HoP = EqjU%h0% + E, jUlinwlj: (4.2)

where Eq and E; are the exact eigenvalues of j¥° and jUli. P = j@o%ihwoj +
jelintlj is the projection operator that projects onto Y°, fulfilling P2 = P.
Operators projected onto the subspace YT° are written as O = POP.
Expanding the Hamiltonian (4.2) in the Pauli basis f1; ;0; i = X;V;z
(where the Pauli matrices are defined in the fj ¥ ;jUtig basis), Hy is given
b
' _ E1+Ey E: Eo

Ho = 1 . 4.
o= . (43)

Now, by substituting the exact qubit states j¥° and jUli, by their approxi-
mations jU*i and jU~i (3.31), respectively, we obtain an analytical expression
for the effective Hamiltonian,

_ E4E.
H,= T — 4.4

BBy (4.4)

where = N AN-! 11:AA;V is the energy splitting between the two qubit states.

For A < A4, the two states are quasi-degenerate so that we neglect the term
proportional to .. Therefore, as it evolves under the action of the resulting
trivial Hamiltonian, the qubit simply acquires an unobservable global phase
that we neglect.
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4.2 Quantum operations

In this section we first show how to realize single-qubit operations, rotating the
qubit state about the X- and the z-axis of the Bloch sphere. For this purpose we
induce energy shifts on the atomic levels by adding a state-dependent potential
to the Hamiltonian and adiabatically change the Raman coupling between
atomic states. In addition, we show that by allowing tunneling between pairs
of condensate systems, the states of the corresponding qubits can be entangled.
Together, these operations form a universal set of quantum gates allowing
arbitrary computation.

4.2.1 Single-qubit gate via external potential

The first one-qubit operation we present generates an x-rotation in the Bloch-
sphere.

State dependent potential

In order to control the time evolution of the qubit, we assume that the trap-
ping potential depends on the internal states jAi and jBi of the atoms. This
additional potential raises the energy of one of the internal states with respect
to the other, so that the degeneracy of the internal states is lifted. Experimen-
tally this can be realized by applying an external magnetic or electric field,
so that the Zeemann effect or Stark effect, respectively, causes the degenerate
hyperfine levels to split and thus they feel different trapping potentials. Fig-
ure 4.2 illustrates this situation with a raised potential for atoms in the state
|Bi =] #i.

B=0

Figure 4.2: Magnetic field dependency of the trapping potential for the two
different internal states of the atoms.

This state dependent perturbation is reflected in the addition of a potential
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V to the Hamiltonian Hy (3.13) of the unperturbed system,

where V. = b'b raises (or lowers) the potential for atoms in state jBi. The
perturbation strength  depends on the strength of the applied external mag-
netic field.

Provided the perturbation does not couple the qubit subspace T° to higher
excited levels, the system still acts as a two-level system, and we may project
the perturbation term V onto Y°. Approximating the exact eigenstates by the
man-field solutions jU*i (3.26), the projection can be expressed analytically:

— ——Y
1 A2
where Qw = N m: (4.7)

Since V is proportional to , the state dependent potential generates a rota-
tion of the qubit about the x-axis of the Bloch sphere with frequency €2,. This
rotation is described by the time evolution operator

Q F e Q
_ cos =+t I'sin =+t
u(®) < i sin %t coS %t ' (4.8)

Quantum gate

Choosing an appropriate rotation angle = €,t, (by appropriately choosing
the duration t of the perturbation), a set of quantum gates based on the
rotation about the x-axis can be implemented,

¢ iain @
B B cos & ising
Ra(1) = U(ts) = ( isin? cos? > ' (49)
Examples are
0 1 R
(10> and (i 1), (4.10)
where the first gate ( = ) known as the NOT-gate, negates the state of the
qubit, and the second one ( = % ) creates superpositions of jOi and j 11.

Note that the timescale of the gates is determined by the rotation frequency
Q, (4.7). Since €, is proportional to N, for a macroscopic number of particles
the gates can be made very fast.

In order to understand why the state dependent perturbation generates an
X-rotation, let us analyze as an example the effect of the additional potential
on the time evolution of a qubit initially in the state jOi =] " i®V 4 j #i®V
(A = 0). During the evolution, the state with the highest energy, i.e. j #i, will
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acquire an additional phase as compared with the state of lowest energy, i.e.
] " 1. Therefore, the initial state j 01 evolves as

JOi =) " i®V4j#i®Y 1 jri®Npe o #i®N 1 jli=j"i®Y j#iI%Vo

(4.11)
where the negation of the initial state (jOi ! j1i)for ;= corresponds to
the NOT gate. In the basis fj 01i;] 1ig the evolution (4.11) is equivalent, up
to a global phase, to the X-rotation described by U(t) (4.8).

Validity of the projection

For the projection of the Hamiltonian H = Hy+V (4.5) onto the qubit subspace
T? to be valid, the perturbation V must only weakly couple the subspace T
to higher excited levels. This is satisfied for perturbations much smaller than
the energy gap separating YT° from the rest of the spectrum. In section 3.3.2
we found that in the regime A A, the gap scales like N 1. Thus, the
transition probability Pjgy_yy for the excitation jOi ! j2i, computed according
to Fermi’s golden rule, has to fulfill

o JOjV212 A? N
Pois = e
(Es Eo2=t (I A?)(U, U2 (N 1)?

1; (4.12)

where the matrix element DjV]j2i is computed numerically. Therefore, we can
always find a perturbation strenth  such that the projection is valid.

Fidelity

Given the condition (4.12), we expect that the time evolution of the qubit
under the perturbation V is well described by the time evolution operator U(t)
(4.8), obtained by a projection onto the mean field states j¥*i (3.26). We now
compare this approximated time evolution with the exact solutions obtained
by numerical diagonalization of the two-mode model Hamiltonian H = Hy+V
(4.5). Figure 4.3 shows the exact numerically calculated time evolution of the
initial state jU°i under the Hamiltonian (4.5) for a particle number of N = 200.
In order to judge the coincidence of this evolution with the evolution predicted
by the time evolution operator U(t) (4.8) representing the quantum gate, we
compute the fidelity, defined as the overlap between two states.! It takes the
value 1 for states that are equal to each other and 0 for orthogonal states. In our
case, the fidelity is given by the overlap between the expected wave-function
JWidear ()i, described by the approximated time evolution operator U(t) (4.8)
defining the quantum gate, and the wave-function jW.,..(t)i obtained by exact
numerical calculations considering the full two-mode model,

F (t) = jhwideal(t)jq]exact(t)ij 2: (413)

ITo be exact, it is defined as the square of the absolute value of the overlap.
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Figure 4.3 shows also the fidelity as a function of time. It has almost the
maximum value of 1. Thus, as expected, the time evolution of the qubit, that
is the quantum operations based on the spin-dependent perturbation V, is
well-described by the time evolution operator U(t) (4.8).

P,
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Figure 4.3: Exact time evolution of the initial state j¥° under the state de-
pendent potential. The occupation probabilities py and p; of the qubit states
j% and jUli, respectively, and the fidelity F(t) for N = 200; A = 0:1 and
¢ = 100 as a function of time. Times t; and ts., where the gates (4.10) are
realized are emphasized in the plot.

Conclusion

To conclude we have shown that a set of quantum gates, based on rotation
about the x-axis, e.g. a NOT gate, can be implemented by changing the po-
tential of one of the internal states JAi or jBi. The quantum operations are
well-described by the analytical expression (4.8).

4.2.2 Single-qubit gate via adiabatic phase

Any arbitrary unitary operation on a single qubit can be decomposed into
successive rotations about two non-parallel axes (see chapter 2). As a second
one-qubit operation, we show how to perform a rotation about the z-axis, that
is a phase-gate.
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Implementing a phase-gate

For the two states j¥% and j¥li to acquire a relative phase, they must be
separated in energy. In the A A; regime, we know that this is not the case
since the two states are quasi-degenerate, i.e. the energy difference between
them is much smaller than any timescale of the system, thus does not lead to
an appreciable relative phase. However, in section 3.3.2, when analyzing the
energy spectrum of the system, we saw that there exists a regime of A, namely
A A4, in which these two states are separated in energy (see figure 3.5).
To construct a phase-gate, let us first assume that the system is in this
A > A, regime, and analyze the time evolution of the eigenstates j¥li. Since
we are considering free evolution, even in this regime of A, where the two
lowest-energy states are not well separated from the rest of the spectrum, we
are allowed to project the Hamiltonian onto the subspace T° of these two
eigenstates. Therefore, the free Hamiltonian is given by (4.3),
Ho = ﬂ P (4.14)
2
where " = E; Eg denotes the exact energy gap separating the two states at a
given value of A.? The time evolution operator resulting from this Hamiltonian
is
Up(t) = e J oot _ ( b ) ; (4.15)
Thus, in the regime A > A,, the first excited j¥li acquires a relative phase
= ["(A)dt, corresponding to a rotation about the z-axis by an angle
To exploit the time evolution (4.15) for implementing a quantum gate, the
system has to be transferred from the initial regime A = Aq A (where
jUli are quasi-degenerate Schrodinger-cat states), to the regime A A;. This
is realized by adiabatically increasing the parameter A. Experimentally this
corresponds to appropriately tuning the laser strength ~ which is proportional
to A. Under the condition of adiabaticity, we can assume, as we will explain
later, that if the system starts in the ground state it remains in the ground
state during the process. The system is kept in the A > A; regime until the
state jUi has acquired the desired relative phase, and is then transferred back
to the initial regime. Following this scheme, a phase-gate is realized, given by

R.( )= ( Lo ); (1.16)

where is now the phase accumulated during the process, = ["(A(t))dt.
For instance, a qubit initially in an equal superposition of the basis states,

2Note that € = E; — Fjy is the exact numerical expression, whereas ¢ = E_E, denotes
the mean field energy gap in the regime A < A;.
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evolves as
jOin, +jlia, ! jOia+€°Djliy 1 jOis, +€9 10y, (4.17)

Condition for adiabaticity

For this phase-gate to work, we have to ensure that the system remains within
the two-level subspace during the whole evolution. This can be achieved by
obeying the adiabatic theorem [27]. It states that, if the Hamiltonian of a sys-
tem is changed sufficiently slowly, i.e. adiabatically, a system starting in the
ground state remains in the ground state (now corresponding to the Hamilto-
nian of the new parameters), etc. Hence, the system can be transferred from
one regime of parameters to another one, H ! H’, without inducing transition
between the states. Thus, even when “perturbing” the system adiabatically,
the projection (4.14) is still valid.
The condition for adiabaticity is given by

2% E; E
E;, E; h

(4.18)

where jii;]j 1, are eigenstates of the Hamiltonian at time t. Physically, the left
hand side is a measure of the change of the eigenvectors of the Hamiltonian
with time. It has to be much smaller than the frequency of the transition
jit ' jji, described by the right hand side.

In implementing the phase-gate following the scheme presented above,
equation (4.18) becomes a condition on A. Since the equation depends on
the energy gap E; E,, it is reasonable to distinguish between three regions
of A in the energy spectrum (see figure (3.5)).% Firstly, the A < A; regime,
with a large energy gap between the qubit subspace TY and the higher excited
levels, which only slowly varies with A. Secondly, the regime A ! A; with
a small, quickly varying energy gap. Partly evaluated numerically, condition
(4.18) can be estimated within these two regions by

A<Ac: JA] 20 AU W N T

AV A : JA] F(N) (U U (4.19)

where the function f (N) slightly decreases with N, f (4) = 0:6; f (10) =
0:5; f(1000)  0:01. We note that the first inequality becomes less restrictive
for increasing number of particles, whereas in the second case, A only smoothly
decreases with N. In the third regime, A > A;, numerical calculation shows

3Do not confuse (4.17) with the example (4.11) given for the x-rotation: an x-rotation in
the {|0),]1)} basis corresponds to an z-rotation in the {| T)®V,| | Y®N} basis.

“Note that since in our case [Ho(t),Ta 5] = 0, with T4 5 the symmetry operator that
exchanges |A) and |B), only states with the same symmetry as the initial eigenstate can be
accessed. Thus no transition |0) < | 1) can occur.



4.2. QUANTUM OPERATIONS 31

that the transition amplitude for excitation is negligible compared to the other
cases. Thus, for large N, the timescale of the gate is primarily limited by the
adiabatic evolution near A;.

Fidelity

If the conditions (4.19) for A are obeyed, we expect the time evolution of
the qubit to be well described by the time evolution operator Uy(t) (4.15),
i.e. no transitions to higher levels occur. We now present, as an example
for the implementation of the adiabatic phase-gate, the time evolution of the
qubit state j 01 + ] 11 for the acquired relative phase = . Calculations
are done by an exact diagonalization of the full two-mode model Hamiltonian
Ho(A) (3.13). To compare the results with the evolution predicted by the time
evolution operator (4.15) describing the phase-gate, also the fidelity (4.13)
is calculated. The evolution under the adiabatic phase-gate is presented in
figure 4.4: For A A; the quasi-degeneracy of the two lowest-energy states is
lifted and the first excited state acquires a relative phase. Furthermore, the
occupation probability of the qubit states as well as the fidelity are plotted as
a function of time. Even for a factor five used to obey the conditions (4.19),
the fidelity does not decrease significantly.

Summary

We conclude that by adiabatically transferring the system back and forth from
Ay < A; to a regime where the two qubit states are separated in energy, an
adiabatic phase-gate can be implemented. The adiabatic conditions are given
by (4.19), and the transformation of the state of the qubit can be calculated
from (4.16).

4.2.3 Two-qubit gate via tunneling

We have presented two sets of one-qubit operations that together allow the ar-
bitrary manipulation of the state of a single qubit. A universal set of quantum
gates additionally requires a non-trivial two-qubit gate to allow entanglement
creation. In this section, we present a quantum gate that can generate maxi-
mally entangled states of two qubits. The interaction is mediated via second
order tunneling processes between two adjacent traps.

Two-qubit problem

Consider two systems as described in chapter 3, characterized by the same pa-
rameters Uy, Uy, A and by the same number of particles, N. The experimental
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Figure 4.4: Adiabatic phase-gate for phase = , with Ag = 0:1 and N = 200

for the initial qubit state j¥% + j¥li. A is chosen to obey the conditions
(4.19) by a factor of five and is taken constant within the two regimes A <
0:85, A 0:85. Computation is done by numerical diagonalization of the
Hamiltonian. (a) A and the corresponding energy splitting ", (b) the relative
phase (t) = ["(A(t))dt and (c) the exact occupation probabilities p, and
p; of the states j¥% 5 and jU'i , respectively, as well as the fidelity F (t) (4.13)
of the exact evolution due to (4.15), as a function of time.
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realization of such an equal filling of two traps will be discussed in chapter 5.
Each system represents a qubit.

Controlled interactions between two qubits can be achieved by enabling
tunneling between the systems. This can be realized e.g. by lowering the trap-
ping potential of an optical lattice [16] or by bringing two microtraps confining
the atoms close to each other [28]. The two-mode Hamiltonian describing this
has the form

Hr =Hop +Hp +T (4.20)

Here, Hy; is the Hamiltonian (3.13) describing the dynamics of each single
trap, i = 1;2, and T is the tunneling term

T= J (ala, +ala; + bjb, + bib)); (4.21)

which accounts for the tunneling of atoms from one trap to the other, conserv-
ing their internal state. The subscripts 1; 2 identify the trap.

Because of the tunneling between the two systems the number of particles
in each trap is no longer conserved, thus the qubits are in general not well
defined. However, the ratio of tunneling to collisional interactions J=U,, can
be chosen so small that the dynamics of the system are dominated by second
order tunneling processes, which do not change the number of particles of the
subsystems.

We show now that for J sufficiently small, these second order processes cre-
ate entanglement between the qubits in the different traps, i.e. that a universal
two-qubit gate can be implemented.

Energy spectrum

In order to analyze the tunneling process and to find an appropriate projection
of the two-mode Hamiltonian Hy, let us first discuss the energy spectrum of
the unperturbed system (J = 0) of two traps, with total number of particles
K = 2N, as shown in figure 4.5.

Since no tunneling is allowed, the spectrum is composed of the unperturbed
spectra of the two traps for the different possible number distributions N; +
N, = K. As we have seen in section 3.3.2, the lowest-energy subspace Y° of
a single system is, for A A;, well separated from the rest of the spectrum.
Therefore, the low-energy part of the spectrum of two traps is composed of
these one-trap subspaces T = fj ¥°;jW'igy,, where N; is the number of
particles in trap i = 1;2. For A = 0 it is easy to verify that the subspace of
equal filling, T = T% T, is lowest in energy. The first excited subspace
T! is characterized by unequal trap filling N +1 and N 1. It is separated
from T by the interaction energy Uy. Since the problem is symmetric in the
traps 1 and 2, T! consists of 8 states, T' = fj UO1;jUligyer  fj ©O;jUlig v
The second excited subspace in turn is raised by 3U, with respect to T!. It is
defined by the one-qubit states of N 2 atoms, etc.
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Figure 4.5: Low-energy part of the spectrum of the two-trap system (a) as a
function of A with respect to the ground state, (b) schematically for A = 0.
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First order tunneling processes lead to transitions from the two-qubit sub-
space T to excited states, ¥ ! 7Y!. Clearly, such a change in the number
of particles per trap is not desirable. However, choosing the ratio J=U, suffi-
ciently small, transitions to excited levels become negligible and the dynamics
of the system takes place within the qubit subspace T, driven by second order
processes via Y.

Projection

We can introduce an effective Hamiltonian to account for the dynamics in a
truncated Hilbert space, by projecting the system onto the subspaces T and
T! (see figure 4.5).> Second order processes via YT! are then automatically
included. In order to derive a simple analytical expression for the effective
Hamiltonian, we again approximate the states jUi by the corresponding mean
field solutions jU*i (3.26), and use A A(N)=A(N 1); AV AVl and
=0.

The effective Hamiltonian resulting from the full two-mode Hamiltonian

(4.20) can be written in the form:

W V 0
0 VvV W

where P is the operator projecting onto Y T!. The 3 3 block structure of
H 7 results from the different couplings of the three subspaces T n-1 TnnN
(the qubit subspace) and Ty _; ., (see figure 4.5). Each of these subspaces
is spanned by the four states jUTUi; jUtWU~i;jU~ Ui and j¥~ Wi, which
depend on the number distribution of the corresponding subspace. Hence, H
isa 12 12 matrix.

The matrices on the diagonal determine the energy of the unperturbed
subspaces. Setting the energy of the states in T to zero (recall that we neglect
the energy splitting within the subspaces), W is given by

W =T1, (4.23)
where I' = Ex1 Ex is the energy difference separating T from T (I' = Uy

for A = 0). Since T does not couple the states within the subspaces, W is a
4 4 diagonal matrix.

5The dimension of the Hilbert space of the double system grows very quickly with in-
creasing number of particles, dim= anN:O(m +1)(2N — m + 1). Thus, not only for a nice
description of the processes, but also to allow the simulation of the time evolution for ar-
bitrary number of particles, an appropriate projection of the Hamiltonian Hr (4.20) has to
be found.
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The matrix V represents the tunneling of one particle, i.e. the coupling
between Y and Y1,

1+A 0 0 1 A
0 1+A 1 A 0
V= SYNN+D o 1T o o (4.24)

1 1
T does not couple Ty 4 y_y and T vy

In order to judge the validity of this projection, figure 4.6 shows both the
time evolution due to the full two-mode Hamiltonian Hr (4.20), and that under
the effective Hamiltonian Hz (4.22) for N = 6 atoms each qubit. Even for
this small number of particles, the results are in good agreement. Therefore,
the projection leads to a satisfying description of the system.
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Figure 4.6: Time evolution of the two-qubit system for N = 6; A = 0:1 and
J=UW, = 0:032 starting from the ground state j¥°W% . Occupation probabilities
Poo and pp; of the states j¥OWC and jUIW!i, respectively, as a function of
time. Superscript indicates exact diagonalisation of the full two-mode model
Hamilttonian Hr (4.20), without superscript indicates the time evolution due
to the effective Hamiltonian H 7 (4.22).

Time evolution

We use the effective Hamiltonian Hp (4.22) for further investigation of the
time evolution of the two-qubit system. Figure 4.7 shows the time evolution
according to Uy = e 17t for N = 200, starting from the ground state of the
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Figure 4.7: Time evolution of the system for N = 200; A = 0:1 and A = 0:1
(J=W = 8:8 107*) of the initial state j¥OU%. p;;, i;j = 0;1 denotes the
occupation probability of the state j¥*U7i of the qubit subspace Y. (a) Time
evolution under Ur = e 7t (b) probability P, (t) (4.25) and (c) dynamics
due to the slow second order processes described by U(t) (4.27) as a function
of time.

total system jWOW% . The evolution of the qubit states is governed by two
different timescales:

The fast oscillation superimposed on the slow dynamics are due to first
order tunneling processes. Since we are in a regime of weak tunneling,
these processes can be understood as far off-resonant Rabi-like oscillation
between the two subspaces, T $ T!. The total occupation probability
P,.: of the excited subspace Y! is shown in figure 4.7. It can be extracted

from Up to be |

Pout A Sin2 §t1 (425)

where the amplitude A and the oscillation frequency ! are given by

J®N(N +1)

W+&mm+naM!:¢W+&Wm+U: (4.26)
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The dominant contribution to the time evolution of the qubit states is
due to slow second order transitions via the excited subspace T!. Straight
forward algebra shows that for A = 0, the time evolution operator de-
scribing this dynamics is given by

cos %t 0 0 i sin %t
0 cos 2t isin 2t 0 )
ut) = 0 [ sin%t cos %%t 0 ' (4.27)
i sin %t 0 0 COS %t

with the frequency 2 = % Numerical calculation shows that for 0
A A4, the time evolution is well described by an operator of the same
structure as (4.27) with a frequency

Q- 5 2 (1 A%): (4.28)

The resulting time evolution of the two qubits is plotted in figure 4.7. It
is in good agreement with the slow dynamics depicted in figure 4.7.
Quantum gate

The two-qubit operations induced by tunneling can now be identified using
the approximated time evolution operator,

coS % 0 0 I sin %
0 cos 2 isin 2 0
b = = . 2 2 ; 4.2
() =Ut) 0 Isin% cos% 0 ’ (4.29)
I sin % 0 0 oS g
where is defined as = Qty. For particular times t,, maximally entangled

states can be produced.
To illustrate this, we investigate the time evolution of the ground state jOOI
which leads to the maximally entangled state j0Oi +ij11i. The corresponding
is given by = 7, so that the gate is

(4.30)

—_
-0 o~
o — = o

S = - O
_ o O -

Figure (4.8) shows this gate at work. In order to judge the fidelity of the
final state, we consider the time evolution under both Ur = e 7t and U(t)
(4.27). The latter does not account for first order processes. One can observe
that the fidelity is reduced by these processes and may thus be approximated
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Figure 4.8: Time evolution of the initial state j¥°U% due to Uy = e 7 for
N =200, A = 0:1 and J=U, = 8:6 10~*. The occupation probabilities p;;,
i;j = 0;1 of the state j¥*U7i of the qubit subspace T and the fidelity F as a
function of time.

by F(t) 1 Pou(t) (see (4.26)). In order to suppress this undesirable
effect, the probability amplitude A (4.26) can be adjusted to a small value by
appropriately tuning J,

U2 A

J2: .
AN(N+ 1)1 2A°

(4.31)

Additionally, the parameters can be chosen such that P, (t) is minimal at the
final time ty of the gate, i.e. sinQ(%t(z,) = 0. Nevertheless, in order to make
A small, J cannot be increased too much. otherwise higher excited states are
populated. The parameters used in figure 4.8 obey these conditions.

A high fidelity implies a small occupation probability of levels outside T,
i.e. weak tunneling. This leads to a slowdown of the dynamics of the two
qubits. The rotation frequency 2 expressed in terms of A is given by

Q-1 <91: 1) (1 A?): (4.32)

As can be seen, there is no direct dependence on the number of particles, so
that the dominant timescale of the evolution of the two qubits only depends
on A and on the energy difference I' between T and Y!. Difficulties arising
from this will be discussed in chapter 5.
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4.2.4 Read-out process

Finally, the result of a computation must be read out. This can be done by
measuring in the rotated basis of the condensate states (3.18,3.19):

f 4 xig (4.33)

Transferring the system for the read-out process to A = 0, this basis simplifies
to

fi"i®, j#i%g; (4.34)

where all atoms are either in the internal state jAi or jBi.

4.3 Quantum gates at work

In the previous sections we presented a scheme for quantum computation with
a two-species Bose-Einstein condensate. We demonstrated that the two lowest-
energy states of this system can encode a qubit, and showed how to implement
a universal set of quantum gates. In conclusion, we show how to construct some
of the standard quantum gates, namely the Hadamard gate and the controlled-
NOT gate. In addition, we investigate the quantum gates required to create
the singlet Bell state.

4.3.1 Common quantum gates
Single-qubit gates

In the previous section we showed how to perform single-qubit rotations about
the X- and the z-axis:

CoS i sin 2
Rz<>=< ! ) and Rz<>=<§,2i¢> (4.35)

. . ) Q
I sSIn 5 COS 3

ASENJISH

From these operations, the Hadamard gate can be constructed as
1 1
H = =R, (=R, (=R, [ =1; 4.36
SIS RLACLIOLAC) (436)
up to a global phase.

Two-qubit gate

The most common universal two-qubit gate is the controlled-NOT gate,

CNOT = (4.37)

_— o O O

0
0
1
0

o O = O

1
0
0
0
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One can prove that the two-qubit gate (4.30)

(4.38)

10
1| o1
2 =P5| 0

i 0

)
o o =

is equivalent to CNOT, up to local unitaries [29]. One possible construction
of the CNOT gate out of the quantum operations we posses is given by

CNOT = [Ri( SR )] 1 % [Rel SR Rl 5)] Ral )

4.3.2 Creation of the singlet Bell state

In order to put the quantum gates to work, we present a simple quantum
circuit in terms of the quantum gates available in our scheme. Starting from
jO0i, we show how to create the singlet Bell state jO1i  j10i. The sequence of
quantum gates is given by

joli - j10i = R, ( 5) 1 X 1 R, )jooi: (4.40)
The implementation of the circuit is shown in figure 4.9.

For the sake of completeness we show the sequences for creating the triplet
Bell states:

j0i +jili= R(Z) 1 X jOOi
0l +j10i = R(T) 1 % 1 R,() jooi (4.41)
j0i jili= R.( ) 1 X jOOi
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Figure 4.9: Time evolution under the quantum circuit (4.40) creating the
singlet Bell state. p;;, i;j = 0;1 denotes the occupation probability of the
state jWiW7i of the qubit subspace Y. F is the fidelity of the time evolution.
Note the different timescales of the quantum gates.
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Chapter 5

Realizability and decoherence

In the preceding chapter, a scheme for quantum computation with a two-
species Bose-Einstein condensate was presented, where the qubit is encoded
by the two lowest-energy states of the system. Furthermore, it was shown how
to realize a universal set of quantum gates.

In this chapter, we discuss the feasibility of the presented scheme. Firstly,
the experimental requirements for that qubits can be realized and initialized
are discussed. Secondly, the effect of decoherence on the presented scheme
is investigated. For this purpose, the timescale of the quantum operations is
analyzed and compared with the decoherence time of the system.

In order to give some numbers, we consider the cases of N = 4, N = 10
and N = 10° atoms, respectively. We choose the two hyperfine states jF =
I;mp= 1i and j2;2i of the electronic ground state of 8’ Rb to represent the
two internal states of the atoms: Rb is the atomic species for which BEC was
realized for the first time [30], it has well known scattering properties and the
two states can be condensed simultaneously [31].

5.1 Realization of the qubits

In this section we discuss the requirements for satisfying the conditions imposed
on the physical system in chapter 3, where the two-species Bose-Einstein con-
densate was presented. We show how to choose and prepare the system in
order to realize and initialize the quantum bits.

5.1.1 Basic experimental requiremen ts

We consider Bose-FEinstein condensation of a trapped gas of N atoms that are
confined by a three dimensional quasi-harmonic and isotropic potential. Such
a potential can be experimentally realized by a magnetic or optical trap in
Toffe-Pritchard geometry [32],[33]. The trapping frequency is denoted ! . For
calculating explicit examples of different numbers of particles, we consider the
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N 4 10 10°

! 5 kHz 2kHz 100 Hz
Uy 142.6 Hz 36.1 Hz 0.40 Hz
713 Hz 5.42 Hz 667 Hz
Toaz | 20 nK 16nK 19 K

Table 5.1: Examples for N = 4, N = 10 and N = 10° for the hyperfine states
j1; 1i and j2;2i of 8"Rb for the trapping frequency ! : scattering strength
Uy (5.2), for A = 0:1 and the temperature T,,,, required for cooling to

the ground state at A = 3. The used parameters are 8y = a; = 5:45 nm,
M =144 10 %kgand @ = 3

appropriate size of the trap by ! y—4=5 kHz, ! y—10=2 kHz and ! y05 = 100
Hz.

Internal state structure of the atoms

The atomic species has to be chosen such that the atoms possess two internal
degrees of freedom, denoted by jAi and jBi. It is essential that jAi and |Bi
can be coupled to each other by a coherent transition.

JAi and jBi could be two hyperfine levels of the atoms connected by a
Raman transition [34]. Such a two-photon transition has to obey the selection
rule JAmg] 2, where my is the z-component of the total spin, represented
by the quantum number F. For the ®'Rb isotope, as can be seen from the
level scheme of the D5 line of figure 5.1, this could be the two hyperfine states
jF =1;mp=1i and j2;2i. The hyperfine states j1; 1i and j2;2i of 8"Rbwe
use for our numeric examples, do not satisfy the selection rules. However, they
can, in principle, be coupled by a multi photon transition, also indicated in
figure 5.1.

Requirements on the scattering properties

The interaction between the atoms occurs via elastic collisions, characterized
by the s-wave scattering length a*¢. In the discussion of chapter 3, the scat-
tering length for collisions of atoms in the same internal state, A—A, B-B, are
assumed to be equal, ay = a’f, = ajz. This condition is e.g. almost fulfilled
for the two hyperfine states j1; 1i and j2;2i of 8Rb with a3 = 5:45 0:26
nm [35]. The scattering length for interspecies collisions A-B is denoted a;.
The collisional interaction strengths Uy and U; are directly related to the
scattering lengths. The first one characterizes A—A as well as B-B processes,
whereas U; describes A—B collisions. For calculating the interaction strengths,
we assume the spatial mode function (%) (3.7) to be a normalized gaussian
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Figure 5.1: Level scheme of the Dy line of the rubidium isotope 8"Rb with the
nuclear spin quantum number | =3=2. Mg denotes the z-component of the
total spin, represented by the quantum number F =1  1=2. (a) Raman tran-
sition coupling the hyperfine states jF =1; mz=1i and j2; 2i. (b) Multiphoton
transition coupling the hyperfine states j1; 1i and j2;2i.

function,

=2

0(%) = V/Xg? % e %, (5.1)

with the characteristic length X = (Miw)l/ 2 of the harmonic trap. Therefore,
the collisional interaction strength U; (3.11), i = 1;2, becomes

_Ahar g -4_f.a?_/w ey 372,
U, = M /dX]O(X)j— T Hat e (5.2)

For the example of 8" Rb, the interaction strength for elastic collisions between
particles in the hyperfine states j1; 1i or j2;2i yields U}=' = 142:6 Hz,
U= = 36:1 Hz and UJ™='"" = 0:40 Hz.

5.1.2 Requiremen ts for encoding a qubit

The analysis of the condensate in section 3.2 showed that for the conditions
U > Uy and A A, the two lowest-energy states of the system are quasi-
degenerate Schrodinger-cat states that are well separated from the rest of the
spectrum. Therefore, these are the two states used to encode a qubit. We
discuss now how to satisfy the necessary conditions.
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Feshbach resonance

To satisfy the condition U; > Uy or g—é > 1, equation (5.2) is used to show the
dependence on the scattering length,
U a

= _ > 1 5.3
U~ a (5.3)

For most atomic species, the desired value of Z—é > 1 is not satisfied by the
intrinsic parameters of the atoms. A mechanism to influence and control the
scattering properties of an atomic ensemble is the Feshbach resonance [36].

A Feshbach resonance occurs an elastic binary collision when the energy
of a bound state in a closed channel is close to the energy of the incoming
atoms (open channel) (see figure 5.2). If there exists some coupling mechanism
between open and closed channel, the atoms can temporarily occupy the bound
state, thereby changing the elastic scattering properties of the system. In
general, the energies of the involved states depend on external parameters,
like a magnetic or an optical field. Hence, by varying this parameter, the
system can be tuned into resonance and therefore the scattering length can
be varied over a wide range of negative and positive values, as it was realized
using magnetic [37],[38] and optical [39] fields.

Therefore, in principle, we are able to tune the scattering length a;, charac-
terizing collisions between atoms in different internal levels, such that a;=a, >
1.} Nevertheless, in the vicinity of a Feshbach resonance, inelastic processes
drastically increase and limit the range of o> We will discuss the related prob-
lems in section 5.4. It is not known yet if there exists an easily accessible
Feshbach resonance for the channel (j1; 1i +j2;2i) of 87Rb, the example we
use for calculations.

Weak laser coupling

In order to encode a qubit, we also need the condition A A¢, where pa-
rameter A is defined as A = m (3.17). It is determined by the rela-

tive strengths of the laser coupling and the collisional interaction. A; (where
A; 1) denotes the transition point to the Schrodinger-cat phase. In the range
of A A4, the two lowest states in energy of the system can encode a qubit.
As we saw, the interaction strengths U; and U, are in principle tunable, but
usually kept constant during an experiment. The value of A can be chosen and
varied easily by adjusting the laser strength  of the Raman process. Values
for the examples of LL = 0:1 are given in table 5.2. Note that in this regime,
A Ay, the two Schrodinger-cat states are well described by the mean field

!Since a Feshbach resonance is a one-channel process will not change more than one
scattering length at the same time. Therefore we choose the scattering processes of atoms
in different internal states to be altered.
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Figure 5.2: Feshbach resonance: (a) Schematic plot of the potential energy
curves for two different channels illustrating the formation of a Feshbach reso-
nance in an elastic collisional process. Ey, is the energy of the entrance channel,
and Epyung is the energy of the bound state in the closed channel giving rise
to the Feshbach resonance. (b) Schematic plot of the dependency of the scat-
tering length @* on an external parameter (here a magnetic field B), near the
Feshbach resonance at B, .
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solutions jW#*i (3.26). A physical system satisfying these conditions can be
used to encode a qubit.

5.1.3 Multi-qubit  systems

Obviously, for quantum computation processing, it is not enough to possess
one qubit. Therefore, several identical copies of the qubit-system have to
be prepared. In doing so a difficult task is to obtain the same number of
particles in each trap. One possibility to achieve commensurate filling is to
prepare all the atoms in one trap first, and then deform the trapping potential
adiabatically into a multi-well potential [40] (see figure 5.3). Since the energy of
the whole system is minimized for equal filling and the process is adiabatic, we
can assume that the condensates in each well have the same number of particles
N. For small N, one can also think of loading a Bose-Einstein condensate into
an optical lattlce with commensurate filling [16],[41].

30l ool dongl

Figure 5.3: Preparation of several identical qubits. Adiabatic deformation of
an initial single-well trap with 2 N atoms into a double-well trap with N
atoms in each well.

5.1.4 Initializing the qubits by cooling

The single qubits are encoded by the two lowest-energy states of a two-species
Bose-Einstein condensate. Therefore, the system has to be cooled down to
condensation. In order to initialize the qubit in the state jOi, the system has
to be prepared in the ground state j¥% for A A, which is an even more
restrictive requirement. In this regime, the two lowest-energy states are quasi-
degenerate. Thus, direct cooling of the system to the absolute ground state
would be a difficult task. The idea is therefore to first cool the system to a
temperature T close to zero for A > A;, such that the thermal energy is lower
than the energy gap between the ground and the first excited state. Note that
this is only possible in this regime of A, since only there the first-excited state
energy is high enough so that practically all of the atoms can be cooled down
to the ground state. Then, we decrease A adiabatically to the desired value.
According to the adiabatic theorem (see section 4.2.2), the system remains
in the ground state, which now becomes the Schrodinger-cat state, the qubit
state JO1.
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We give the temperature needed to cool the system to the ground state of
the regime A > A; and present a method how to cool a two-component system
down to condensation.

Required temperature

In order to cool all atoms down to the ground state of the regime A > Ay,
the thermal energy has to be smaller than the energy separation " to the first
excited level,

kT < "(A); (5.4)

with the Bolzmann constant kg = 1:38 10723, As discussed in section 3.3.2,
for A 1 (A > 3) the system behaves like a ferromagnet. The energy gap
in this regime can be approximated by ( ) =2 = (N 1)(U3 Uy)A, thus
condition (5.4) becomes

T<(N 1)U U)A: (5.5)
Kp

The preparation of the ground state is favoured for a high number of particles
and strong collisional interactions. For (A = 3), condition becomes for N = 10°
T < 1 K whereas for a small number of particles (N = 4; 10) the cooling is an
experimentally more challenging task, since T < 20 nK, 16 nK, respectively.
Note that Uy depends on N, thus T(N =4) > T(N = 10) is due to the chosen
values ! y—4 = 5 kHz and ! y—19 = 2 kHz.

Sympathetic cooling

Bose-Einstein condensation was first reported in a cloud of atoms in a single
spin state of rubidium [30] and later in single spin states of sodium [42] and
lithium [43]. To reach the necessary ultralow temperatures below the transi-
tion temperature of Bose-Einstein condensation, these experiments used laser
cooling and trapping, followed by magnetic trapping and evaporative cooling.

The creation of two different condensates of neutral atoms in the same
trap was first demonstrated by Myatt et al: [31], with the hyperfine states
j1; 1i and j2;2i of 8Rb. They used the technique of sympathetic cooling,
known from cooling of trapped ions [44], but at higher temperatures. They
cooled the cloud of atoms in the j1; 1i state by lossy evaporative cooling.
The atoms in state J2;2i were only cooled by thermal contact with the j1; 1i
atoms. For this method to be effective requires the elastic collision rate for
momentum transfer between the two components to be large, and the inelastic
collision rate K, that converts either component to an untrapped species to
be small. They measured K5 between the two components to be surprisingly
small, Ko = 2:2  0:9  107'* cm®=s. This stability of the double condensate
was explained [35],[45] with the almost equal scattering lengths of the two
hyperfine states, a, = ajz.
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N 4 10 10°

t, (ms)|1:8 1:5 1:2 107*
teg (ms)| 12 33 12

t, (ms) |29 11:4 1018

Table 5.2: Timescales t,, t 4, to of the x-gate, phase-gate and two-qubit gate,
respectively, for the example of 8Rb with A = 0:1; u = L, s=% 2=1
and = 1:23. t,4 results from numerical integration of the adiabatic conditions

(4.18).

N 5 10 10°

213 Hz 102 Hz 126 Hz
maz | 71.3 Hz 54.2 Hz 6.7 kHz

J 564 Hz 061 Hz 7 1077 Hz

Table 5.3: Experimental parameters for realizing the quantum gates:  refers
to the strength of the state dependent potential, ,,.. to the maximal laser
strength in the adiabatic process and J to the tunneling strength. Parameters
for calculation see table 5.1.

5.2 Realization and timescales of the quantum
gates

In this section the quantum gates presented in chapter 4.2 are investigated
in more detail. It is assumed that we have a physical system satisfying all
conditions as discussed above, so that the quantum bits are initialized in the
state j00::0i, ready for quantum computation processing.

In order to successfully apply the quantum-gate operations, the dynamics
of the system, i.e. the dynamics due to the gates, have to work on a much faster
timescale than the decoherence of the physical system. This is expressed by
the condition

te (5.6)

where tg is the typical timescale of a quantum gate and  the decoherence
time of the physical system (e.g. for a gate generating a rotation of frequency
Q) by an angle ., the required time is given by t = %) Therefore, we discuss
how to realize the quantum gates and analyze their timescales. Decoherence
will be treated in the next sections. The examples of very small numbers of
particles, N = 4; N = 10, and a big condensate, N = 10°, are calculated with
the parameters A = 0:1 and g—; = o= %. The results are summarized in table
5.2.
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5.2.1 x-gate

The first single qubit operation we presented (see section 4.2.1) is a rotation
about the X-axis of the Bloch sphere, R,( ) (4.9). For this purpose a potential
depending on the internal state JAi, Bi of the atoms was added to the Hamil-
tonian. Experimentally, this can be realized by applying an external magnetic
or electric field, so that due to the Zeemann or Stark effect, respectively, the
degenerate hyperfine levels split up (see figure 4.2).

To ensure that the perturbation does not couple the qubit states to higher
excited levels, the probability PF™ (4.12) for occupying the higher excited
states has to be much smaller than one. This leads to the condition (4.12) for
the perturbation strength

1
11 A2(N 1))
U [ 1z N ; (5.7)
where the factor 10 ensures P¥er™mi 1. Possible values for ( = 10)

are summarized in table 5.2.
The timescale of the X-gate results from the rotation frequency 2, (4.7) by
eliminating  with equation (5.7):

A 1
t, = —

— p—: 5.8
Q, 21 AU, Uy (N 1) N (5:8)

t, decreases very quickly with N. But even for a particle number of N =4 it
is the fastest of the three gates (see table 5.2).

5.2.2 Phase-gate

The second one-qubit operation we presented (see 4.2.2) is an adiabatic phase-
gate, performing an z-rotation, R,( ) (4.16). The gate requires the adiabatic
transfer of the system from 0 Aqg A; to A A;, forth and back.

For this purpose the laser strength  has to be tunable from zero to A =
m 1 (see table 5.2). Note that in the range A A, the laser
intensity has to be controlled with a very high precision.

Obviously, the timescale of the phase-gate is not determined by the rotation
angle of the gate, but by the adiabaticity of the process. Hence, we expect
a slow gate. The required time t,; for applying the phase-gate is obtained
by numerical integration of the adiabatic condition for A (4.19). t,q slightly
decreases with N and is indirectly proportional to U; Uy. For instance, N =4
leads to t,g = 12 ms, N = 10 to t,; = 33 ms and for N = 10°, the timescale is
reduced to t,; 12 ms. Thus, for small numbers of particles the phase-gate
is the slowest of the three gates (see table 5.2).
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5.2.3 Two-qubit gate

In section 4.2.3, we presented a universal two-qubit gate, realized by allowing
tunneling between two adjacent traps. This can be implemented e.g. by low-
ering the potential of an optical lattice [16], or by bringing the traps confining
the atoms close to each other, e.g. as it can be realized with microtraps [28].

The interaction between the particles in the two traps is mediated via
second order tunneling processes. In order to keep the probability amplitude
A for first order processes small, we consider weak tunneling. A and the
tunneling parameter J are correlated as (4.31)

J? 1 A

U2 INNTD)L 2A’ (5.9)

where we used that for A A4, the energy difference between the qubit
subspace T and the next excited levels, I', can be approximated by I'  U.
Number examples for A = 0:1 are given in table 5.2.

Using (5.9), the frequency of the two-qubit gate can be expressed in terms
of A, Q=451 A?)Uy (4.32), where = ——= 1. Therefore, the timescale

V124
of the two-qubit gate is given by
4
th = ——: 5.10
2 (1 A?)U, (5.10)

Note that by the replacement of J according to (5.9), ty depends only via the
interaction strength Uy on the number of particles. Therefore, decreasing the
number of particles slightly shortens ty. Another possibility to speed up the
gate is to increase A, the amplitude of the probability P,,; (4.25) for that the
excited subspace T? gets occupied. A maximal value of A = 0:4 corresponds
to = 1:23.2 The resulting conditions for the example of low and high number
of particles are listed in table 5.2.

Comparing the timescales of the three quantum gates (table 5.2) one finds
that the slowest dynamics is due to the adiabatic phase-gate. Also the possi-
bilities of creating a fast two-qubit gate are limited.

5.3 Eects of decoherence

Quantum systems can never be perfectly isolated from the environment. The
resulting uncontrolled interaction with the environment leads to a loss of co-
herence, a process known as decoherence. Some sources of decoherence are

2Note that the exact value of A has to be chosen such that P,,; is minimal for ty (see
section 4.2.3). Nevertheless, by choosing such a high A the probability for transitions to
higher subspaces becomes significant. Obviously these is a trade-off between excitation and
speed up of the gate.
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thermal fluctuations, trap losses due to inelastic collisions, scattering processes
with background thermal atoms or spontaneous light scattering.

In this section, the effect of number fluctuations onto the presented scheme
of quantum computation is investigated. A reduction of the number of particles
leads to the problem that the calculated parameters for applying the quantum
gates do not match to the real number of particles in the experiment. The
resulting problems onto the time evolution under the three quantum gates are
discussed and it is show that already the loss of one particle may reduce the
fidelity of the time evolution in a unacceptable way.

5.3.1 Qubit

The effect of particle fluctuations onto the parameter A (3.17), defining the
structure of the qubit states, is found to be 2& = A For small fluctuations,

ON —  N-1°
this can be linearized to
AA B AN (5.11)
A N 1 '

The loss of a small fraction of particles leads to a small relative change of A.
Thus, A and therefore the structure of the qubit states, is quite stable under
particle fluctuation. That means that the exact knowledge of the number of
particles is not necessary for defining the qubit.

In the following, we investigate the effect of number fluctuations onto the
time evolution of the qubit states under the different quantum gate operations.
Note that the laser strength is an experimental parameter that does not
depend on N.

5.3.2 Xx-gate

The dynamics induced by the x-gate is almost stable under small variations
of the number of particles: the rotation frequency €2, (4.7) and the rotation
angle ,=¢,t change as

AQ, A, AN A2 AN

0. . N 1T AN T (5.12)

where the last term, resulting from the variation of A, can be neglected for
A A;. Starting from j 01, the fidelity of the gate is reduced from 1 to
F.(ty) = cosz(%). Thus, even for a loss of 10% of the initial number of
particles, the fidelity for = is still F,(t;) = 0:97 (see figure 5.4).

5.3.3 Phase-gate

The evolution of the qubit under the phase-gate is extremely sensitive to num-
ber fluctuations. The reason for this lies in the dependence of the energy
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0.0 04 038 12 1.6
tx 10" (1/U)

Figure 5.4: Time evolution of the initial qubit state jOi under the x-rotation
R.( ) for a fluctuation of ¥ = 0:1. The parameters are N = 200, A = 0:1
and =U, = 100 The occupation probabilities py and p; of the two qubit states
joi and jli, respectively as well as the fidelity F(t) (4.13) are plotted as a
function of time. Superscript indicates the fluctuation, no superscript refers
to the ideal case.



5.83. EFFECTS OF DECOHERENCE 55
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Figure 5.5: Phase-gate for a fluctuation of ATN = 0:1 for N = 100. Superscript
indicates the fluctuation, no superscript refers to the ideal case. (a) Energy
splitting " = E; Eq (b) accumulated relative phase and (c) fidelity as a
function of time.
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spectrum on the number of particles (see figure 5.5). Numerical calculation
shows that the loss of even a small fraction of particles leads to an intolera-
ble decrease of the fidelity. Figure 5.5 shows that for a number of particles
N = 100, already the loss of one particle can lead to a decrease of the fidelity
to F < 0:5. Therefore, for small number of particles;, N < 100, not even a
single particle may be lost.

These results imply that the initial number of atoms must be known exactly.
Slightly modifying the phase-gate, this experimental problem can be evaded.
By further increasing A in the adiabatic process, A A4, a value of A (A
3) can be found such that for each number fluctuation Aj\]fv 1, the phase
error is a multiple of 2 | and hence not observable. Since the condition for
adiabaticity for A > A, restricts A only very weakly, this process does not affect
the timescale of the phase-gate significantly. However, this method only solves
the problem of the uncertainty of the initial number of particles. During the
adiabatic phase-accumulating process ( (A) > 0), no fluctuations are allowed
- independent on the number of particles.

5.3.4 Two-qubit gate

The rotation frequency €2 = ‘”2;F of the two-qubit gate is found to be stable
under small fluctuations of N, % ATN. However, the world is not that
simple: when calculating €2 in section 4.2.3, we assumed that the two systems
between which tunneling occurs have exactly the same number of particles at
all times, Ny (t) = No(t). Discussing the effect of fluctuations, this condition
implies that the loss of particles has to occur in both traps at the same time.
Obviously, for a statistical process this is not realistic.

Therefore, we investigate the problem arising from an unequal trap filling.
So let us assume that the two traps containing the qubit systems are not equally
filled, N; & Ns. Figure 5.6 shows the energy spectrum for this situation.
Compared to equal filling, the qubit subspace Y defined by two different qubits

N+, N1

N1, N, +1

N-1, N+ 1 N+L, N-1
NN T

Figure 5.6: Schematic energy spectrum for the two-trap system for A = 0.
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Figure 5.7: Time evolution of the initial qubit state j00i under the two-qubit
gate for equal filling with N = 200 atoms each qubit and for unequal filling,
N; = 200, N5 = 199, denoted by superscript. The occupation probabilities pgg
and p;; of the two-qubit states j0Oi and j11i are plotted as a function of time.
The parameters are A = 0:1 and J=U, = 8:8 10~*:

is not only raised in energy. Also the energy differences of the two subspaces to
which T is coupled by first order tunneling processes depend on the difference
AN = jN; Nyj, as well as on the direction of tunneling, so that the symmetric
situation characterizing the two-qubit gate is broken.

Thus, independent on the total number of particles, already a particle
difference of AN = 1 between the two traps leads to dynamics completely
different from the one predicted by the two-qubit gate assuming equal filling
(see figure 5.7). This effect can only be avoided if there are no losses before
and during the application of the two-qubit gate.

We conclude that decoherence due to fluctuations of the number of particles
strongly restricts the number of gates one can apply without decreasing the
fidelity unacceptably. The phase-gate and the two-qubit gate are found to
be very sensitive to fluctuations, they work only within no losses. Thus, the
required lifetime tg is the time during which no particle is lost. Whereas
a small uncertainty in the initial number of particles only causes small errors.

5.4 Inelastic collisions

A fundamental source of decoherence of a Bose-Einstein condensate is due to
trap losses by density-dependent inelastic two-body collisions (mostly spin-
exchange) and three-body processes. Unlike other loss mechanisms such as
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collisions with the background gas or spontaneous light scattering, these trap
losses are intrinsic loss mechanisms that cannot be eliminated by simply engi-
neering a better trapping environment. For small losses the rate equation for
N can be linearized to

AN

x = KomiN  Kzm?iN; (5.13)
where mi = N / i o()jid (5.14)

m2i = N2/j o (%)j0c% (5.15)
and nx) = N o(%)" o(%): (5.16)

K and K3 are the inelastic rate coefficients for two- and three-body processes,
respectively. The inelastic rate coefficients K § and K § for Rb (the superscript
indicates the absence of a Feshbach resonance) are summarized for the different
scattering channels in table 5.4. Note that K of 8"Rb is very small compared
to other species [35].

As discussed in the previous section, in order to fulfill the condition a;=a, >
1 (5.3), a Feshbach resonance is used to alter the scattering length a; that char-
acterizes elastic collisions between atoms in different internal states. However,
as was shown e.g. by Roberts et al. [46], inelastic processes are highly enhanced
in the vicinity of a Feshbach resonance. Therefore, the dominant trap loss of
the presented system will be due to inelastic interspecies collisions. Thus, we
focus on the corresponding scattering channel jAi + jBi.

In the previous analysis of the effect of number fluctuations on the quantum
gates, we derived the very severe condition that during quantum computation
processing, the number of particles in the traps may not change, AN = 0.
Therefore, we define the decoherence time  of the system as the time in
which one particle is lost

At(AN =1): (5.17)

For successfully applying a quantum gate, this decoherence time has to be
much larger than the typical timescale ts of the gate,

to: (518)

For analyzing this condition in detail, we discuss the loss mechanisms due to
inelastic two- and three-body processes separately and compare the resulting
decoherence times (5.17) with the tg for the different quantum gates, summa-
rized in table 5.2. Analyzing the rate equation (5.13), is found to scale at
least with ﬁ In addition, the decay rates are enhanced in the vicinity of the
Feshbach resonance. Therefore, condition (5.18) is expected to be fulfillable
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Entrance Channel | K¥(cm*s) K;"(cm*s) | K{'(cm%s) K3 (cm®s)
i1, 1li+j1; 1i [ 31 107®a 2:3 1078¢ 9 107204
12;21 +J2; 20 2 10716a 2:3 107%¢ 2.2 107%®¢
i1 1i +j2:2 9 10~Me 91 100

Table 5.4: Theoretical and experimental results for the inelastic collision rates
K9 (two-body processes) and K9 (three-body processes) of 8Rb. ¢[47] ®[31]
°[48] “[49] ©[50]

only for a low particle number and a weak Feshbach resonance, a;=a 1.
The decoherence times for N = 4; 10 and N = 10° are summarized in table
5.4.1. For the discussion, recall table 5.2 summarizing the timescales of the
quantum gates.

5.4.1 Two-body processes

Only considering inelastic two-body collisions, the rate equation (5.13) writes

AN N /j o(%)jid: (5.19)
At

As far as we know, there are no proposals about the scaling of the inelastic
collisional rate K 5 in the vicinity of a Feshbach resonance. Therefore, we firstly
evaluate (5.21) without considering the effect of the Feshbach resonance. Sec-
ondly, we assume from experimental data for ¥ Rb [46] a maximal dependence
of Ko/ al, (like for three-body losses, see below).

In order to obtain the order of magnitude of N for which quantum gates
can be applied, we evaluate condition (5.18) for the two-qubit gate (5.10),

4

th = —————— 5.20
2 (1 A?)U, (5:20)
Together with (5.19) this leads to
4 hay 1
N2 @ — = 5.21
M 4 K, (5:21)

Note that since Uy (5.2) and the two-body rate-equation (5.19) have the same
dependency on the mode function (%), the condition does not depend on the
density of particles or on the trapping frequency.

Even only considering the non-resonant rate K9 = 2:2 10_14@ of Rb,
the condition (5.21) demands for » = 7 and a;=a& = 4=3 a very small number
of particles, N 30. Evaluating the rate equation (5.19), one can see that the
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N 410 10°
0 (ms) | 174 110 10 10°
, (ms)| 55 35 3 1070
5 (ms)| 50 50 4 1077
(ms) | 26 21 4 1077

Table 5.5: Decoherence times = At(AN = 1) (5.17) for N = 4;10 and 10°
due to inelastic two- ( 2) and three-body ( 3) processes and considering both
loss mechanisms (). The superscript 0 denotes that no Feshbach resonance is
considered.

decoherence time § is longer than the timescales of the single gates. Assuming
now the effect of the Feshbach resonance to be described by the scaling Ko /
al., the decoherence time is reduced by a factor of (a;=ay)*. Together with
t.,t,q that are proportional to al/aﬁ (see section 5.2), the condition ta
is optimized for a;=a, = 4=3. Using this value, the decoherence time for N =4
computes to o = 55 ms, which is still longer than the timescales of all three
gates. For a particle number of N = 10, the decoherence time = 35 ms is of
the order of the timescale of the adiabatic phase-gate.

5.4.2 Three-b ody pro cesses

Only considering particle losses due to inelastic three-body processes, (5.13)
writes

AN

At
In the vicinity of a Feshbach resonance, the three-body recombination rate K 3
scales as the scattering length to the fourth power, K 3 = K 2(a;=ay)* 48], [46].
Therefore, the decoherence time is given by

= K3N3/j 0(%)j°dPx: (5.22)

p— 1 1

_ X6 3 3 T
3 0( ) K;(g)(alza))4 N 3

(5.23)

where X = (15-)"/? is the characteristic length of the harmonic trap. For all

three different quantum operations tg is proportional to ULO I x3 (see section
5.2). Thus, unlike for the case of two-body processes discussed above, the trap-
ping frequency ! / Xg? influences the relation between 3 and the timescales
of the gates; small frequencies are favorable.

For the non-resonant rate of Rb K§ = 2:2  1072<2" (table 5.4) and the
ratio a;=a, = 4=3; the decoherence times for N = 4 and N = 10 are both
computed to be 3 =50 ms. For N = 10 atoms, this is only little more than
the timescale of the adiabatic phase-gate.
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Accounting for both inelastic two- and three-body processes, the decoher-
ence time  computes from the rate equation (5.13) to be = 62:2 ms for
N = 4 particles, and = 20:5 ms for N = 10 particles per qubit. Therefore,
we conclude that for particle numbers of about N = 4, a small amount of x-
rotations as well as two-qubit gates can be applied. Choosing the parameters
carefully, it is even possible to apply the adiabatic phase-gate once, so that
together with the other operations, a Bell state can be produced. For N = 10
particles per qubit, it is still possible to create maximally entangled two-qubit
states.

5.5 Summary

The ideal atomic species for realization of the scheme we presented, possesses
two internal states that can be trapped and condensed simultaneously. Fur-
thermore they can be coherently coupled to each other and have the same
scattering lengths. The scattering between atoms in different internal states is
either stronger than between equal atoms or there exists a Feshbach resonance
for this channel. The inelastic rates are extremely small.

The most profound problem of using the system for quantum computa-
tion or at least for creating an arbitrary two-qubit state, is that the quantum
gates are very sensitive to number fluctuations, no particle may be lost. Com-
paring the resulting decoherence time by only considering the dominant loss-
mechanisms due to inelastic two- and three-body collisions with the timescales
of the quantum gates, it results that only a very small number of quantum
gates can be applied. Therefore, without suppressing the loss of particles, the
system cannot be used for quantum computation. In fact, only very recently
it was proposed how to reduce the three-body recombination rate by using a
sequence of laser pulses [51]. However, we obtain that for small numbers of
particles and a weak Feshbach resonance, maximally entangled states between
two qubits can be produced.
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Chapter 6

Conclusion and Outlook

The goal of this thesis is to explore an approach for quantum computation, in
which qubits are encoded in atomic many-body states not sensitive to defects
in the number of particles.

For this purpose, we focused on a two-component interacting Bose-Einstein
condensate. We reviewed and analyzed the results of [18], where it was shown
that under certain conditions, the ground state of the condensate is quasi-
degenerate and well separated from the excited levels. The atomic ensemble
then behaves as a two-level system, where the properties of the two states
are not very sensitive to a change in the number of particles. Using these
two many-body states for encoding the qubit, we further demonstrated how
to realize a universal set of quantum operations. We showed that one-qubit
operations can be performed by exploiting the Zeeman effects or Stark ef-
fects induced by a magnetic or electric field, respectively, and by adiabatically
changing the Raman coupling between atomic states. A universal two-qubit
gate can be performed by allowing tunneling between two neighboring qubit
systems.

Finally, we discussed the feasibility of the presented scheme. We analyzed
the experimental requirements, both for the preparation and the initialization
of the qubit systems as well as the realization of the quantum gates. In addi-
tion, we investigated the limitations of the scheme resulting from decoherence.
Our attention hereby was focused on the most important source of decoher-
ence, the loss of particles due to inelastic two- and three-body processes. As
expected, the properties of the many-body qubit states are found to be robust
under changes in the number of particles. Thus, in order for the qubits are well
defined, it is not necessary to know the exact number of particles. In addition,
the loss of a small fraction of particles does not lead to a loss of information.

However, we found that this situation changes when applying the quan-
tum gates. In particular, coherent evolution of the states of the qubits is only
possible if (i) the number of particles does not change during the adiabatic
process of the phase-gate, and (ii) two qubits interacting via tunneling have
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to be characterized by the same number of particles. Thus, a successful appli-
cation of these gates requires that not even a single particle is lost. Therefore,
the challenging problem to be solved consists in finding an optimal system for
realization, above all an atomic species with extremely small inelastic collision
rates and the required scattering properties. In that case it turns out that for
small numbers of particles per qubit a limited amount of gates can be applied.

Thus, the presented scheme cannot be used for complex quantum compu-
tational processes unless a way to suppress the loss of particles is found. In
fact, only very recently it was proposed to suppress the inelastic three-body
recombination rate using a sequence of laser pulses [51]. However, even if the
suppression of losses should turn out to be unrealistic in practice, by applying
only a small number of gates, interesting multi-particle states can be created.
Using the example of 8"Rb, we showed that it is possible to prepare two qubits
of four atoms each in any Bell state. Two qubits of ten atoms each can be
maximally entangled.

In fact, it should be possible to create even more complex states. Even
though decoherence imposes severe restrictions onto the number of gates that
can be applied subsequently, the number of quantum operations acting simul-
taneously are in principle not limited. Therefore, by applying the two-qubit
gate onto pairs of qubits in parallel, and then entangling these pairs in a sec-
ond step, a large number of qubits can be entangled in only two operational
steps. Together with the fast rotation of single qubits about the x-axis, a vari-
ety of entangled multi-qubit states could be created. Expanding the presented
scheme, one could imagine the creation of entangled multi-qubit states in only
one operational step by arranging the traps in an appropriate way and allow-
ing tunneling between more than two qubits. For the example of a three-qubit
system, the arrangement could be a linear or trigonal one. Already for a num-
ber of four qubits, a multitude of configurations opens up.

In this thesis, we explored a specific approach for quantum computation
based on qubits encoded in condensate states. However, one can partly gener-
alize the problems arising from decoherence to any approach based on a similar
somehow simple way of encoding qubits in condensate states and using second
order tunneling processes for entanglement creation. It remains to be seen if
there can be found a clever way to encode qubits in condensate states such
that not only the states of the qubits themselves are robust under defects, but
also the computational processes.
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