Cirac / Giedke Quantum Information Theory: Implementations WS 06/07 # 4

1. (equivalence of coherent states and “classical fields + vacuum”) Let H denote the
minimal coupling Hamiltonian for a system of charges in the quantized field A and
a (classical) external field A ex:
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3)
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H= Z [pa - qu(ra) + Aext ra + Z QQq,H + thj(a}L-aj +
— 2mg, oy lro —rg] 7

The aim of this exercise if to prove the “equivalence of coherent states and classical
fields” in the following sense: Show that the Hamiltonian Hy = H(Aex = 0) (i-e.
in the absence of an external field) applied to a coherent state of the radiation
field (and an arbitrary state of the charges) generates the same dynamics as H; =
H(Aext) (i.e. with a non-zero external field), when applied to a radiation field in
the vacuum.

Let in the following

{aj}) = H o)

denote a multi-mode coherent state (the index j runs through the discrete set
of modes with eigenfrequency w;). The main idea of the proof is to relate the
two initial situations by a time-dependent unitary transformation 7'(¢). The proof
proceeds in four steps:

a) Consider the displacement operator

Hexp e“ita; — ozje_wjta}]

Show that it transforms the field operator A(r,) as

T)AX)T ()" =)A(r) + Acx(r),

t

I

b) T'(t) is a unitary operation, hence it can be seen as a change of basis. How
does the initial state [{c;}) look when it is expressed in the new basis?

with a function Ay (r) depending on the a; but not on the operators a;,a

c) Prove that in the new basis, the dynamics is given by

i 16) = (Tomry +in [T 070y ) 1o

d) With the result from (a) and the transformations properties of the a; from
exercises # 03, calculate H(t) = T(t)HoT(t)" and H(t) + dit)T( ). (The
BCH formula may be useful again.) Interpret the result.
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2. (vacuum field correlation function) Consider the electric field operator (in the
finite-volume quantization) in the Heisenberg picture:

E(t,r) = iZSj {aj(O)ejei(kj'r_“jt) - h.c.} ,
J

N\ 1/2 . o
where &; = (27@%) and V is the quantization volume.
compute the vacuum expectation values
(O] Em(t1,11)En(t2, r2) + En(te, r2) En(t1,11) [0),
where n,m = z,y, z refers to the cartesian components of the field. (Recall that

>_; stands for 3 3¢ (k;).€,(k;)) and use that

Z Em€n = Onm — RmBn,
€:€1(k),€2(k)

where K is the unit vector in k-direction (which is a consequence of the transver-
sality of E). This allows to perform the sum over e.

Replacing summation with integration in the usual way and denoting 7 = t; — 2

and p=r; — 1o
3
2(2;) H/d%
k

<0‘ Em(tl, rl)En(t27 r2)+En(t27 rQ)Em(tla 1‘1) |0> = /

one obtains
6i(k~p—w’r)

A3k
o) (w25mn—c2kmkn)T+c.c.

The integral can be understood as a derivative of the function

. B3k ei(k~p—w7)
D+(p,T)—ZC/(27T)3 -

namely with ¢D; = ImD

B 2,0 0

D, can be computed (in spherical coordinates and by introducing a convergence
factor lim,_+ e~") to be

D = lim 1 [ p—cT p+ecr
=0+ (2m)%p L* + (p—c7)? ~ n? + (p+c7)?

. 1 02— 212 4 g2

n—0t 272 (p? — 272)2 + 202 (p? + A272) + nt
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Off the light cone (p? # c?>7%) we can take the limit 7 — 0% and the resulting
derivative is easy to calculate. The p = 0 correlation function (which is the
correlation function of the “reservoir” that an atom at r = 0 sees). Show that
for large 7 the autocorrelation function (n = m) decays as 7~ and that the decay
is more rapid for n # m. Plot the result for small but finite 1 to see the §-like
behavior of the correlation function.

Similar results hold for B and the correlations between E and B.

3. (Master equation for two-level atom) The reduced dynamics of a two-level atom
(with ground state |g) and excited state |e)) in the vacuum field is described by
the Master equation

d

1 T
ap(t) = %[Hﬂap] ) [Ceep + pOee — 2Ugepaeg] )

where Hy = hw/2(le)e| — |g)g]) and oee = |e)e| and oge = o, = |g)e|. Find the
populations pee(t), pgqe(t) and coherences peg(t).
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